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Abstract

In this paper, natural convection heat transfer over a vertical plate in a Darcy
porous medium saturated with a nanofluid subject to heat
generation/absorption was theoretically studied. The governing partial
differential equations were transformed to a set of ordinary differential
equations using similarity transformations and solved using finite difference
method. The influence of parametric variation of the Brownian motion
parameter, thermophoresis parameter and heat generation/absorption
parameter on velocity, temperature and nanoparticles concentration profiles
was graphically shown. Impact of non-dimensional parameters on the reduced
Nusselt number and reduced Sherwood number was also investigated. The
results showed that an increase in the heat generation/absorption parameter

Drift flux model. would increase temperature and velocity profiles; but, it would decrease
concentration profiles. Increase of thermophoresis parameter increased
magnitude of concentration profiles while not showing any significant effect
on velocity and temperature profiles. The results also indicated that increase of
Brownian motion parameter did not demonstrate any significant effect on the
magnitude of velocity and temperature profiles. It was found that an increase
in the heat generation/absorption parameter decreased the reduced Nusselt
number whereas it increased the reduced Sherwood number. For negative
values of the Brownian motion parameter, increase of the thermophoresis
parameter increased the reduced Nusselt and Sherwood numbers.

Nomenclature

(x,y)  Cartesian coordinates g Gravitational acceleration vector

Dg Brownian diffusion coefficient

Dr Thermophoretic diffusion coefficient K Permeability of the porous medium

f Rescaled nano particle volume k Thermal conductivity

fraction, nano particle concentration km Effective thermal conductivity of the
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porous medium

Le Lewis number

m Number of grid points

Nb Brownian motion parameter
Nr Buoyancy ratio

Nt Thermophoresis parameter

P Pressure

o) Heat generation coefficient
Ra, Local Rayleigh number

S Dimensionless stream function
T Temperature

Tw Ambient temperature

Tw Wall temperature of the vertical plate
U Reference velocity

u, v Darcy velocity components
Greek symbols

(pc)r Heat capacity of the nanofluid

(pc)n  Effective heat capacity of porous
medium

(pc)y Effective heat capacity of nano
particles material

u Viscosity of nanofluid

Om Thermal diffusivity of the porous
medium

B Volumetric expansion coefficient of
fluid

€ Porosity

n Dimensionless distance

0 Dimensionless temperature

A Heat generation or absorption
parameter defined by Eq. (16e)

pr Fluid density

Dp Nano particle density

T Parameter defined by Eq. (7)
Nano particle volume fraction

oo Ambient nano particle volume
fraction

Ow Nano particle volume fraction at the
surface

% Stream function

1. Introduction

Studying boundary layer flow and heat transfer
over a vertical or horizontal flat plate has
gained great attention [1-8]. Analysis of natural
convection heat transfer over the flat plate
embedded in a porous medium is very
important because of its many engineering
applications such as thermal energy storage,
groundwater systems, flow through filtering
media and crude oil extraction [4]. Among
these applications, convection in a porous
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medium with internal energy sources is practical
in the theory of thermal ignition and in problems
dealing with chemical reactions and those
concerned with dissociating fluids [3,5]. The
problem of free convection from a vertical plate
with non-uniform surface temperature has been
previously studied by Gorla and Zinalabedini
(1987) [7]. Likewise, similarity solution of
natural convection boundary layer flow along the
vertical plate subject to variable wall temperature
has been investigated by Cheng and Minkowycz
[8].

Although natural convection flow and heat
transfer over embedded bodies in porous medium
has been studied in a large number of papers, few
works have considered flow and heat transfer of
nanofluids. Nanofluids are suspensions of
submicronic particles (nanoparticles) in a
conventional fluid. The most important
characteristic of nanofluids is their high thermal
conductivity relative to base fluids, which can be
achieved even at very low volume fraction of
nanoparticles. In recent years, heat transfer
enhancement of nanofluids has been proposed as
a route for surpassing performance of heat
transfer rate in the currently available liquids [9-
11]. The fluid containing nanoparticles can
smoothly flow through microchannels without
clogging them because nanoparticles are small
enough to behave similar to liquid molecules
[9,10]. The unique property of nanofluids in
enhancing heat transfer has attracted the attention
of many researchers. Convective heat transfer of
nanofluids has been analyzed in many previous
studies [4-6, 12-15]. Most researchers have
reported that the presence of nanoparticles in the
base fluid enhances its effective thermal
conductivity and consequently enhances heat
transfer characteristics [16]. An excellent review
of thermo-physical properties of nanofluids can
be found in the review by Khanafer and Vafai
[17].

Buongiorno [18] discussed seven possible
mechanisms for fluid particle slip during
convection of nanofluids, out of which only
thermophoresis and the Brownian diffusion were
found to be important [18].
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Using the non-homogeneous models, mixed
convective boundary layer flow over the
vertical wedge embedded in a porous medium
saturated with a nanofluid subject to natural
convection dominated regime was analyzed by
Gorla et al. [4]. The non-Darcy natural
convection of nanofluids over the isothermal
cone embedded in a porous medium was
analyzed by Noghrehabadi et al. [19]. Natural
convective boundary layer flow over the
horizontal plate embedded in a nanofluid-
saturated porous medium was also investigated
by Gorla and Chamkha [20]. Noghrehabadi et
al. [21] analyzed the Darcy flow and natural
convection heat transfer of nanofluids over a
vertical flat plate prescribed heat flux boundary
condition. The Cheng—Minkowycz problem for
natural convective boundary-layer flow in a
porous medium which was saturated by a
nanofluid was examined by Nield and
Kuznetsov [22].

In the present study, effect of heat
generation/absorption on the boundary layer
heat and mass transfer of nanofluids over an
isothermal flat plate was theoretically
examined. A drift-flux, four equation models
was utilized to consider slip wvelocity of
nanoparticles in the base fluid because of
Brownian motion and thermophoresis effects.

2. Governing equations

Consider a two-dimensional problem and steady
natural convection boundary layer flow past
along a vertical plate placed in a porous
medium saturated with nanofluid in the
presence of heat generation/absorption.
Coordinate system is chosen such that x-axis is
aligned with the flow over the plate. The
scheme of physical model and coordinate
system is illustrated in Fig. 1.

|

g

X, u
Boundary

[ layer

J’” v

Fig. 1. Physical model and coordinate system.

Although there are three distinct boundary layers
namely, hydrodynamic boundary layer (velocity),
thermal boundary layer (temperature) and
nanoparticle concentration boundary layer
(concentration) over the plate, only one boundary
layer is depicted in this figure to avoid
congestion. It is assumed that the plate
temperature is constant, and its higher than the
temperature of ambient. The nanoparticles
volume fraction (¢) at the wall surface (y=0)
takes the constant value of ¢,. In the boundary
layer, the heat is either generated or absorbed
with the rate of O, where Q, is negative in the
case of heat absorption and positive in case of
heat generation. The ambient values of 7 and ¢
are denoted by 7, and ¢.,, respectively. The flow
in the porous medium with porosity of ¢ and
permeability of K is considered as Darcy flow. It
is also assumed that the nanofluid and porous
medium are homogeneous and in local thermal
equilibrium. By employing the Oberbeck-
Boussinesq approximation and applying the
standard boundary layer approximations, the
basic steady conservation of total mass,
momentum, thermal energy, and nanoparticles for
nanofluids in the Cartesian coordinate system of
x and y as follows [21, 22]:

ou Ov
+

— 4+ =0,
ox oy
(1
»_,
oy
(2a)
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and subject to the following boundary
conditions,

v=0,T=T,,¢=¢,,at y =0 (5a)
u—>u, T =>T .0 >¢, ,aty —>xo (5b)
where

k &(pe)

a,=—"—, 1= L, 6

(ee)," TP, “
In Eq. (3), heat generation model is based on
the previous studies [3, 5, and 6]. Pressure, P,
can be eliminated from the momentum
equations, i.e. Eqgs. (2a) and (2b), by cross-
differentiation. By introducing the following
stream function (y), the continuity equation is
satisfied:

u:a—w, v:—a—v/ @)
0y

ox

Here is the local Rayleigh number, Ra,,
introduced as:

Ra, = (1_¢°°)pf°°ffgx(Tw L), (8)

where 7 is similarity variable,
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1
n= LRaf , )
X

and dimensionless similarity quantities S, 6, and
f are defined by,

S = l// 1 s f = ¢¢__¢; s

a, Ra? v
By applying Egs. (9) and (10) to Egs. (1—4), the
following three ordinary differential equations are
obtained,

_I-T. (o)
TH" _TI)O

S"—0’+N7".f’= O, (11)

0"+%S€'+ Nb.f'0' +Nt(0') +2.0=0, (12)
1 Nt

"+ —LeS.f'+—0"=0, 13

f : i Vi (13)

which are subject to the following boundary
conditions:

n=0:  S=0, 0=1, f=1 (14a)
n—>o: S'=0, 6=0, f=0 (14b)
where

(P, =1 )4 ~4.)

Nr = p/mﬁ(Tw—Tm)(l—‘/jm)’ (15a)
_&(pe), Dy(4,-4.)
M= p), @, (15b)
&(pe), Dy (T,-T,)
= (pc),a, . (15¢)
be= :g;’ (15d)
A= HOpX
(1-9.)p7.c,Be(T,-T.)’ (15¢)

In the above equations, in which Q, varies with
inverses of position (1/x), the obtained equations
are in the form of fully similarity solution;
otherwise, they are in the form of local similarity.
In the following text, the case of fully similarity
solution is considered. Here, Nr is bouncy ratio
parameter, Nb is Brownian motion parameter, N¢
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is thermophoresis parameter, Le is Lewis
number and A is heat generation/absorption
parameter.

Quantities of local Nusselt number (Nu,) and
local Sherwood number (S#,) can be introduced
by [16]:

_ qw X
M“_kak—g)’ (16)
Sho=—dn*
" Dy (4 —4.) (17)

where quantity of ¢g,, indicates the wall heat flux
because of temperature gradient and g,
indicates mass flux because of the effect of
Brownian motion. Using similarity transforms
in Eq. (10), reduced Nusselt number (Nur) and
reduced Sherwood number (Shr) as important
parameters in heat and mass transfer are

obtained as:
1

Ra, *Nu, =-0'(0) (18a)
1
Ra, 2Sh, =—"(0) (18b)

3. Numerical method

Egs. (11-13) represent a boundary value
problem and these general non-linear equations
cannot be solved in a closed form. In this case,
a numerical solution method is necessary to
describe physics of the problem. Finite
difference methods as well as finite element
methods are the techniques, which have been
widely employed to solving ordinary as well as
partial differential equations governing the
boundary value problems [23 and 24]. The
explicit, iterative, finite difference method is
simple and adequate for solving boundary value
problems [25]. Therefore, in this study,
explicit, iterative, finite difference method was
adopted to solve the present differential
equations. Following the finite difference
method, all of the first-order and second-order
derivative terms with respect to # in system of
Egs. (12-14) were discretized using three-point
central difference formula, written as:
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Si+1 _2Si +Si71 _ 0i+1 _QH
AR’ 2A
7 7 77f (19)
+Np 2L =
2An
9i+l _29i2+9i—l +lSi' 9i+l _91'—1
An 2 2An

fi+l _fi—l 9i+l _91'—1
+AUL( 2An ](: 247 ] (20)

2
+Nt. 91 =01 +16, =0
2An

fi+l _Zfi +fi—l +l.LeSi. fi+1 _fi—l
An® 2 2An

Nt[QH—2Q+Q4]
+— | F——=1=0
Nb A’ 1)
where Ay is step length in the # direction. Since
the above equations are non-linear and coupled,
they cannot be exactly solved. Therefore, an
iterative scheme is required to be used. In order
to perform an iterating procedure, Egs. (19-21)
are written in the following form:

S. _Si+1 +Si—1
' 2
22)
) f (
_An[ i+1 /lj_,’_Nr.An.[erl le\J
4
0i+] +6i—] + 1 0i+1 _01'-1
i 2 P
2-An* A 2 i—2.An.}L
fi+] _fi—] 0i+] _01'-1
+Nb. 172 (23)
S 2ARA || ——2AnA
An An
2
+N¢t. fiﬂ_gi—]
—_2AnA
An
f’1+f>1 1 f’l_f'—l
o= 2in 4 LeS, Anp | —E—1=
/i 2 SLesiAn 2
(24)

Nt 6i+1 _2'91' +9i—1
t—
Nb 2
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and boundary conditions are as follows:
§; =0, 0 =1, fi=1 (25a)

Sm+2 -Sm = 0’ 0m+] = 0’ fm+] = 0 (25b)

where m is number of grid points. Considering
the system of Eqs. (22-24) subject to boundary
conditions (25a-b) and commencing with an
initial guess values, new iterative values can be
easily obtained. This process continues until the
absolute error (x-x.;) in the entire domain of
the solution is less than the required accuracy.
Critical point of this method is selection of
appropriate asymptotic value of #.. In the
present study, 7. is taken to be 10, which
ensures asymptotic convergence of the solution.
Then, # direction is divided to m=10000 nodal
points so that the results become accurate. A
maximum relative error of 10~ is used as the
stopping criteria for the iterations.

As a test of the solution accuracy, value of Nur
is compared with the value reported by Cheng
and Minkowycz [8] in Table 1 and effects of
nanofluid parameters and heat
generation/absorption parameter were neglected
in this study.

Table 1. Comparing the present results and those
of Cheng and Minkowycz —€ '(0) in the case of
pure fluid.

Cheng and Minkowycz [8]

0.4440 0.4439

Present result

Neglecting the Brownian motion and
thermophoresis effects and in the absence of
nanoparticles, the present work was reduced to
natural convection of a pure fluid over the
vertical plate embedded in a saturated porous
medium, which was experimentally examined
by Evans and Plumb [26]. They experimentally
analyzed natural convection heat transfer about
the isothermal vertical plate embedded in a
porous medium composed of glass beads with
diameters ranging from 0.85 to 1.68 mm. Here,
results of the present study in the case of
Nr=Nb=Nt=A=0 were compared with those
reported by Evans and Plumb [26] in Fig. 2.
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As seen, Fig. 2 shows very good agreement
between the experimental results and the solution
of Egs. (11 and 12).

4. Results and discussion

In the present study, values of heat generation
parameter (4) were chosen to be in the range of -
0.6<1<0.15 to clearly show effect of this
parameter on dimensionless velocity, temperature
and concentration profiles as well as reduced
Nusselt number and reduced Sherwood number.

A similar, but narrower, range of heat generation
parameter, -0.3<A<0.1, was adopted by Hady ef
al. [5] to investigate effect of heat generation or
absorption on natural convection heat transfer
over the vertical full cone embedded in a porous
medium saturated with a nanofluid. The chosen
range for heat generation parameter allowed for a
reasonable correspondence between the present
work and the study of Hady ef al. [5]. Most of
the known nanofluids reported in the literatures
have large values of Lewis number Le > 1 [22].

1

0.8 . Present Study
I O\n o Ra=567.3
e} Ra=239.2
A . Ra=847
0.6 r A" v Ra=355.5
=
@04l o\o
X+
I oXm
02 © R
[ ° o o o
i o ] %
ok ]
1 | 1
0 2 4 6 8
n
Fig. 2. Comparing the present study

(Nr=Nb=Nt=A=0) and the experimental results
reported by Evans and Plumb [26].

Both of the Brownian motion and thermophoresis
parameters are small [18]. The termophoresis
parameter is positive [18] when temperature of
the plate is higher than the ambient temperature;
but, the Brownian motion parameter can adopt
positive or negative values. Negative value of the
Brownian motion parameter indicates that
concentration of nanoparticles on the wall surface
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is less than concentration of nanoparticles
outside the boundary layer. Non-dimensional
profiles of velocity, temperature and
nanoparticles volume fraction are shown in
Figs. (3-5), respectively, for different values of
heat generation parameter (A) and selected
values of thermophoresis parameter (Nt). These
figures indicate that an increase of heat
generation parameter increases the magnitude
of velocity and temperature profiles whereas
decreasing the concentration profiles.

It is clear that heat generation in the boundary

layer tended to increase temperature
distribution;  consequently, momentum of
nanofluid was increased by increasing

temperature profiles; thereby, velocity profiles
increased. By contrast, increasing heat
generation/absorption exacerbated the
nanoparticles deposition away from the surface
into the fluid and thus concentration profiles
were decreased. The thermophoresis parameter
(Nt) could be described as ratio of the
nanoparticles diffusion, which was due to the
thermophoresis effect, to the thermal diffusion
in the nanofluid.

Thermophoresis  applied a  force to
nanoparticles opposite to the temperature
gradient, which was proportional to the
temperature gradient. Hence, increase of
temperature gradient increased the
thermophoresis force and thereby diffusion of
nanoparticles. Fig. 6 shows variation of non-
dimensional profiles for different values of
thermophoresis parameter (Nf) when the
buoyancy-ratio parameter, Brownian motion
parameter and Lewis number were constant and
the heat generation/absorption parameter was
taken to be zero.

By increasing Nt, thermophoresis force
increased, which tended to move particles from
hot to cold. Therefore, increase of Nt increased
the nanoparticle concentration, as shown in Fig.
6. In addition, increase in the thermophoresis
parameter did not show any significant effect
on the dimensionless temperature and velocity
profiles.

The Brownian motion parameter can be
described as ratio of nanoparticles diffusion,
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which is due to the Brownian motion effect, to
the thermal diffusion in the nanofluid.

Fig. 7 shows variation of non-dimensional
velocity,  temperature = and  nanoparticles
concentration profiles for different values of
Brownian motion parameter (Nb) when the
buoyancy-ratio  parameter,  thermophoresis
parameter and Lewis number were constant and
the heat generation/absorption parameter was
taken to be zero.

1

08
- 0.15

0.6

SV

oal Nr=0.5, Nb=Nt=10", Le=100

02

Fig. 3. Velocity profiles for various values of heat
generation/absorption parameter.
1

08

06

[ Nr=0.5, Nb=Nt=10" Le=100
0.4

02

Fig. 4. Temperature profiles for various values of
heat generation/absorption parameter.
1

4

Fig. 5. Volume fraction profiles for various values of
heat generation/absorption parameter.
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Fig. 6. Velocity, temperature and nanoparticles
concentration profiles for various values of the
thermophoresis parameter.

Fig. 7 depicts that increase of the Brownian
motion parameter did not show any significant
influence on the temperature profiles whereas
increasing velocity profiles and decreasing the
nanoparticles  concentration profiles. In
addition, a raise in the Brownian motion
parameter exacerbated particle deposition away
from the surface into the fluid when Nb>0.
Finally, the wvalues of heat generation
/absorption parameter (1) in the range of 1=0.1
to A=-0.1 were chosen to denote effect of heat
generation/absorption parameter on the reduced
Nusselt number and reduced Sherwood number.
Figures 8 and 9 reveal that an increment in the
heat generation/absorption parameter would
decrease magnitude of reduced Nusselt number
whereas it would increase magnitude of reduced
Sherwood number. As observed in Fig. 4,
augmentation of heat generation parameter
declined the magnitude of temperature gradient
on the wall surface and thereby led to decrease
of the reduced Nusselt number. As observed in
Fig. 5, magnitude of concentration gradient on
the wall increased with a raise in the heat
generation/absorption parameter.

Augmentation of the heat generation parameter
decreased the concentration boundary layer
thickness, which consequently resulted in the
increase of reduced Sherwood number.
Furthermore, in the case of positive value of the
Brownian motion parameter (Nb=1.0x10"),
increase of the thermophoresis parameter
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slightly decreased the reduced Nusselt number.
However, augmentation of thermophoresis
parameter obviously decreased the reduced
Sherwood number. Hady et al. [5] reported that,
as heat generation/absorption parameter (4)
increased, the local Nusselt number decreased,
which was in good agreement with results of the
present study.

Figures 10 and 11 show effect of negative and
positive values of Brownian motion parameter on
the reduced Nusselt number and reduced
Sherwood number, respectively. These figures
indicate that, for the positive values of Brownian
motion parameter, an increase of the Brownian
motion parameter increased the reduced Nusselt
number and reduced Sherwood number.

08 K

Nr=0.5, Nt=1E-4, Le=10,.=0

Fig. 7. Velocity, temperature and nanoparticles
concentration profiles for various values of the
Brownian motion parameter.

0.6

A=—0.1

05

A=0.1

03

Nr=0.5, Nb=1E-4, Le=100

[ )] —— TR | TR .
0.0001 0.0002 0.0003 0.0004 0.0005

Nt
Fig. 8. Reduced Nusselt number profiles for various
values of heat  generation/absorption  and
thermophoresis parameter.
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45l

420

41 Nr=0.5, Nb=1E-4, Le=100

) ST I SI U RIS RS
0.0001 0.0002 0.0003 0.0004 0.0005

Nt
Fig. 9. Reduced Sherwood number profiles for

various values of heat generation/absorption and
thermophoresis parameter.

Likewise, in the case of negative values of
Brownian motion parameter, an increase of the
magnitude of the Brownian motion parameter
increased the reduced Nusselt number and
Sherwood numbers.

0435 -

Nr=0.5, Le=100,A=0

0432

0.429

L0426
=

Z.

0423}

042

0417

0.0001 0.0002 0.0003 0.0004 0.0005
Nt
Fig. 10. Reduced Nusselt number profiles for

various values of Nb and Nt.

It is worth noticing that variation of the reduced
Nusselt number was very slight as a result of
varying thermophoresis parameter.

5. Conclusions

A combined similarity and numerical approach
was utilized to theoretically investigate natural
convection from the vertical plate embedded in
a nanofluid-saturated porous medium with heat
generation/absorption. In  modeling  the
nanofluid, thermophoresis and Brownian
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motion effects were taken into account. The
results can be summarized as follows:

48

Nr=0.5, Le=100,\=0
gl v

0.0001 0.0002 0.0003 0.0004 0.0005

Nt
Fig. 11. Reduced Sherwood number profiles for
various values of Nb and MNt.

1) Increase of heat generation/absorption
parameter increased velocity and temperature
profiles; but, it decreased nanoparticles
concentration profiles in the boundary layer.

2) An increase in the heat generation/absorption
parameter would decrease the reduced Nusselt
number but increase reduced Sherwood number.
3) Increase of thermophoresis parameter
increased magnitude of concentration profiles
while not showing any significant effect on
velocity and temperature profiles.

4) Increase of Brownian motion parameter did
not show any significant influence on magnitude
of velocity and temperature profiles; but, its
effect on concentration profiles was considerable
in the vicinity of the wall. Increase of the
Brownian motion parameter decreased thickness
of the concentration boundary layer.

5) For negative values of Brownian motion
parameter, increase of thermophoresis parameter
increased the reduced Nusselt and Sherwood
numbers. In contrast, in the case of positive
values of Brownian motion parameter, the
reduced Nusselt and Sherwood numbers were
increasing functions of the thermophoresis
parameter. Effect of variation of thermophoresis
parameter on the reduced Nusselt Number was
very slight.
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