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1 Introduction

Perfect state transfer (PST) is a quantum phenomenon in which a quantum state can be
transferred from one place to another without losing information. Let I" be an undirected
simple graph whose vertex set is denoted by V(I') and A= A(I') be the adjacency matrix of I'.
For a real number ¢, the transfer matrix of I' is defined as the following n X n matrix:

H(t) = Hr(t) = exp(—itA) = 2% _

(H(t))u,veV(F)/

where i = v/—1 and n = |V(I')| is the number of vertices in I'. Therefore, we have the de-
composition of the transfer matrix

H(t) = exp(—iAt)Eq + - - + exp(—iAut)E,.
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Definition 1. Let I' be a graph. For two distinct vertices u,v € V(I'), we say that I" has a
perfect state transfer (PST) from u to v at the time ¢(> 0) if the (u,v)-entry of H(t), denoted
by H(t)u,, has absolute value 1. We say that I' is periodic at u with period ¢t if H(t),,, has
absolute value 1. If I" is periodic with period t at every point, then I is said to be periodic.

The occurrence of PST in quantum communication networks was first introduced by
Bose in [10]. This idea has since gained significant research interest due to its many ap-
plications in quantum information processing, as highlighted in [1-3,9,13] and other related
works. He proposed the idea of using spin chains to transfer quantum states over short
distances and showed that the highest fidelity is obtained for short spin chains (number of
spins ~ 100). In [14], Christandl and et al. indecated that perfect quantum state transfer
between antipodal points of a N-link hypercubes occurs if and only if N < 3. Basi¢ in [8]
using the circulant graph proved that PST exists between two distinct vertices a2 and b in
the spin network, whenever T € R™ exist that |F(7),;| = 1 where F(t) = exp(iAt) and A is
the circulant graph adjacency matrix. Saxena and et al. in [28] proved that if there is the
time T € RY, that for each vertex a of the graph, |F(7)s,| = 1 if and only if all eigenval-
ues of the graph are integers. In the integral circulant graph ICG,(D) with set of vertices
Z,={0,1,...,n — 1}, Two vertices a and b are adjacent whenever gcd(a — b,n) € D which
D= {d{ dinl1<d< n}. Godsil in [19, 20], investigated the necessary conditions for the
occurrence of PST and its applications in cryptographic systems. In [19], he studied the re-
sults of PST according to algebraic graph theory with the help of properties of the function
exp(itA) where A is the adjacency matrix of the graph. In particular, he showed in [20] that
if PST occurs in a graph, then the square of its spectral radius is either an integer or lies in
a quadratic extension of the rationals. As a result, for any integer k, there are only finitely
many graphs with maximum valency k on which PST occurs. He also showed that if PST
happens from vertex u to vertex v, then the graphs I' \ u and I \ v are cospectral and any au-
tomorphism I that fixes 1, must fix v (and conversely). Coutinho and Godsil in [15] studied
graphs whose adjacency matrix is the sum of tensor products of 01-matrices, focusing on the
case where a graph is the tensor product of two other graphs. As a result, they constructed
many new ones that have PST. Tan and et al. in [32] presented a characterization of the oc-
currence of PST in connected simple Cayley graphs I' = Cay(G,S), where G is an abelian
group and S is a non-empty subset of G. They showed that many previous results about
periodicity and existence of PST in circulant graphs (where the underlying group G is cyclic)
and cubelike graphs G = (IF»,,+) can be obtained or extended to arbitrary abelian cases in
a unified and simpler way by using their description. Cao and et al. in [11] investigated the
existence of PST in the Cayley graph Cay(Dy,S) with non-normal S. They demonstrated that
if n is odd, then the Cayley graph Cay(Dy,S) does not possess PST and for even integers
n, it is proved that if Cay(Dy,S) has PST, then S is normal. Cao and Feng in [12], investi-
gated the existence of PST on Cayley graphs over dihedral groups. They proved that if n is
odd integer and S is a conjugation-closed subset of the dihedral group D,, then the Cayley
graph Cay(Dp,S) does not possess PST. They also presented specific constructions for even
integers n where Cay(Dj,S) has PST. Luo and et al. in [26] studied the existence of PST on
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Cayley graphs over semi-dihedral groups which are non-abelian groups. Using the represen-
tations of semi-dihedral groups, they provided some necessary and sufficient conditions for
Cayley graphs over semi-dihedral groups admitting PST. Applying those conditions, they
provided examples of Cayley graphs over semi-dihedral groups that exhibit PST. Addition-
ally, they proposed results regarding whether certain new Cayley graphs over non-abelian
groups possess PST. Arezoomand and et al. in [7] established a characterization of Cayley
graphs over dicyclic groups Ty, that possess PST. As a consequence of their main result, they
investigated the existence of PST on a quasiabelin Cayley graph Cay(T4,,S). In the same
year, in [5], he gave a characterization of Cayley graphs over groups with an abelian sub-
group of index 2 having PST, which improves upon earlier results regarding Cayley graphs
over abelian groups, dihedral groups, dicyclic group and determined Cayley graphs over
generalized dihedral groups and generalized dicyclic groups having PST. Wang and et al.
in [33], established the necessary and sufficient condition for a bi-Cayley graph having per-
fect state transfer over any given finite abelian group. As a result of this work, numerous
known and new findings regarding Cayley graphs with PST over abelian groups, general-
ized dihedral groups, semi-dihedral groups, and generalized Quaternion groups were ob-
tained as corollaries. Notably, they presented an example of a connected non-normal Cayley
graph over a dihedral group that exhibits PST between two distinct vertices, which was pre-
viously thought impossible. In this paper, we explore the existence of PST on Cayley graph
over Ug, group.

The rest of the paper is organized as follows. In Section 2, we present some comments on
notations used in this paper. In Lemma 2.4, we first give a description of the representations
of Ug,. Next, in Proposition 2.2 and Corollary 2.3, we investigate a general method for com-
puting the spectra and its corresponding eigenvectors of Cayley graphs over finite groups.
We then apply this method to compute the eigenvectors of Uy,. Finally, the existence of PST
on the Cayley graph Cay(Uygy,S) is studied in Section 3.

2 Preliminaries

In this section, we will review some standard facts and notation used throughout this
paper. Our notation for representations of finite groups is based on [22].

2.1 The representations of Us, and spectra of Cay (U, S)

Let G be a finite group, C the field of complex numbers, and V a C-vector space with
dimension n < oo over C. A C-representation of G is a group homomorphism ¢ : G — GL(V)
for non-zero vector space V. The dimension of V is called the degree of ¢. If B a C-basis for V,
then [¢] a matrix C-representation of G into the multiplicative group of non-singular n x n
matrices over C.

We say that if 0 : G — GL(n,C) is a representation of the group G, then the vector space V
by definition of the multiplication vg = v(go) for every v € V and g € G, such that vg lies

53



Khalilipour et al. / Journal of Discrete Mathematics and Its Applications 9 (2024) 51-64

in V, it becomes a G-module over the complex numbers C. An CG-module V is said to be
irreducible if it is non-zero and it has no CG-submodule except {0} and V. A representation
0 is irreducible if the corresponding CG-module V is irreducible. If V isreducible then g is
reducible, it means a representation of the form

s (" em):

where A(g) € My, (C),B(g) € My, xn,(C),C(g) € M,;,(C), and where 11,1, € IN are inde-
pendent of ¢ € G. If V] and V; are isomorphic, then there is an isomorphism T : V; — V;
satisfying [¢]4,(8) = T~'[C]s,(g)T, where [¢]4, a C-representation of G on V; and [{]4, a C-
representation of G on V. So ¢ and { be equivalent representations of the group G over C.
Every C-representation ¢ of G gives rise to a character x : G — C, which is defined as the
function x(g) = tr(o(g)), where tr(o(g)) denotes the trace of the matrix C-representation ¢
of G on V. We say that x is an irreducible character of G if yx is the character of an irreducible
representation.

The conjugate-transpose or adjoint of A is the matrix A* = AT. A matrix A € GL,(C) is
unitary if and only if A~! = A*. The unitary n x n matrices form a subgroup U,(C) of
GL,(C). A representation ¢ : G — GL,(C) is said to be unitary if o(g) € U(n) for all g € G.
By [29, Proposition 3.2.4], every complex representation ¢ : G — GL,(C) is equivalent to a
unitary representation.

A circulant matrix is a type of square matrix that follows a very distinct pattern: each row
is the same as the previous row, only rotated one unit to the right. That is, each row is a circu-
lar variation of the first row. In this paper which we showe by C(co,c1, -+ ,cn). Additionally,
we note that if each row of the square matrix is obtained by one left-shifting of the previous
row, an anti-circulant matrix.

The eigenvalues of a graph I are defined to be the eigenvalues of its adjacency matrix A(I').
The scalar A € C is said to be an eigenvalue of A, if there exists a non-zero vector x € C”" such
that Ax=Ax. Therefore x is the eigenvector corresponding to the eigenvalue of A. The set of
all eigenvalues of I is called the spectrum of I'. Since A(I") is a real symmetric matrix, the
eigenvalues of I', denoted as A; (i = 1,2,...,n), are real numbers.

let a and b be elements of G. We say that a is conjugate to b in G, if there exists an element
¢ € G such that g~'ag = b. The set of all elements in G that are conjugate to a is denoted as
a® and is defined as {g~'ag : ¢ € G}. This set is called the conjugacy class of a in G. If a and
b are two conjugate elements of group G, then for all characters x of G, we have x(a) = x(b).

Assume that n > 1 is an integer. Define the Uy, group by (a,b | a** =b*> =1,a ba=b"1).
It should be noted that group Uy, = {a*,a*b,a*b? | 0 < k < 2n — 1} has 3n conjugacy classes
as the following:

{a2j}/{a2jb/a2jb2}, {a2j+1,02j+1b/a2j+1b2} (O < ] <n-— 1).
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Lemma 2.1. [24] Let n > 1, e = ¢?"/2" = cos(7t/n) + isin(7t/n) be a 2n-th root of unity which is
neither 1 nor —1. The irreducible representations and characters of U, is listed in the Tables 1. and
2.

Table 1. Irreducible representation of Ug,, w = e27i/3
a% a2+l 221y
Pr(0<k<2n-—-1) g2k PIIENY) 2Kj

821]' 0 0 81(2]'—|—1) 821jw 0
1(0<I<n-1) (0 821;‘) A2+ ( 0 gzz]‘wz)

Table 2. Character Table of Ug,,.

a2 a2+ a2ip
Xk(o <k<2n-— 1) £2kj 8k(2j+1) £2kj
Py(0<I<n-—1) 2¢%li 0 —e2li

In general, using the subsequent result, one can compute spectra and eigenspaces of Cay-
ley graphs over finite groups. Given an irreducible representation or a character ¢ of a group
G and a subset S of G, we denote ) ;s ¥(s) by ¢(S). Let S be a symmetric subset of a finite
group G, this means that S = S~1. We assume that the identity element of G is not belonged
to S, ie. 1g € S. The Cayley graph of G with respect to S, Cay(G,S), is the graph whose
vertices are the elements of G and there exists an edge between different vertices g,h € G if
gh~! € S. If S is a normal Cayley set in G, i.e. ¢g71Sg =S for each ¢ € G. then we call I’
a quasiabelian Cayley graph of G with respect to S (see [31]). Note that, since S is symmet-
ricand 1g € S, I' = Cay(G, S) is a simple graph. The adjacency matrix of I' is defined by
A= A(I') = (ag )¢ nec Where

1 ifgh—' € E(I),
a =
g 0 otherwise.

Remember that V(I') and E(I') stand for the set of vertices and edges of I', respectively. One
can refer to [23] for more properties about Cayley graphs.

Proposition 2.2. [6, Corollary 7 and Lemma 11] Let I = Cay(G, S) be an undirected Cayley graph
over a finite group G with irreducible unitary matrix representations o1),...,0(") . Let d; be the
degree of o). For each 1 € {1,...,m}, define a d; x d; block matrix A;:= ¢)(S). Let x,(A) and
XA (A) be the characteristic polynomial of A; and A, the adjacency matrix of I, respectively. Then

(1) there exists a basis B such that [A|p = Diag(A1 ® Iy, ..., An ® 1z,).
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(2) xa(A) =10 xa, (M),
(3) Let vy be an eigenvector of Ay, 1 <k < m, associated with A. Then the following vectors are

distinct linearly independent dy eigenvectors of I' associated with A v =Y cG [ Q]( ) ( g)} e,
(k )(

(1 <j <dy) where - is the usual inner product and Q Q)isa Uector whose coordinates are

the coordinates of jth column of 0% (g).

Corollary 2.3. [7, Corollary 3.3] Keeping the notations of Proposition 2.2 and considering fixed
ordering g1 =1,82,- -+, gn of all elements of G, we have

1. Let U= (vék))T and U.U* = [u,s]. Then

Ups = [U(k)-Q,(k) (8r)][77(k)-@](~k) (85)]-

2. If oW is 1 dimensional representation of G, then A = o) (S) is an eigenvalue of Aoy =1
and v =) geG 00 (g)eg is an eigenvector of T associated to the eigenvalue o\%)(S). Further-
more, by the above notation ;s = 0 (g,)6% (g5) = 0¥ (g,4s71).

3. If for every g € G, we have that Y ;g 0% (gsg™1) = Yyeg 0¥ (s), then Ay = X’;l(ks) = Leesx(s)

di
is an eigenvalues of I with multiplicity di* and standard basis el,ez, --eq, are eigenvectors

of Ay associated to Ay = 2 d(k ). Furthermore, the eigenvectors v =,/ réf YgeG sz

A/ “Z‘ (Qz] Q1) ©0;] )(gn)), 1<i ] < dy, which are assoczated to Ay form an orthonormal

basis for the eigenspace V), , where Q ( g) is the ij-entry of the matrix oX)(g). Also, by the

notation of (1), we have urS_Qz(j ) (gr)sz( )(gs) = QE]' ) (&)

The succeeding lemma which appears as [29, Exercise 5.12.3] is a direct consequence of the
last part of Corollary 2.3 and determines eigenvalues and eigenvectors of adjacency matrix
of a Cayley graph I' = Cay(G,S), where S is conjugation-closed, namely ¢Sg~! = S for all
ge€G.

Lemma 2.4. [29, Exercise 5.12.3] Let G = {g1,- - - ,gn } be a finite group of order n and (1), - ., @*)
be a complete set of unitary representatives of the equivalence classes of irreducible representations of
G. Let x; be the character of ¢'¥) and d; be the degree of ¢\)). Let S C G be a symmetric set and
assume further that S is conjugation-closed. Then the eigenvalues of the adjacency matrix A of the
Cayley graph of Cay (G, S) with respect to S are Ay, - - -, Ay, where

A= —

xk(s), 1<k<t,
dk ses

and that Ay has multiplicity dz. Moreover, the vectors

k d k T ..
form an orthonormal basis for the eigenspace Vi, associated with Ay.
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Consider the group Ug, (1 > 1), and the Cayley graph I = Cay(Us,, S), where S is a sym-
metric subset of Ug,. We regard the conjugacy classes of U, as follows:

Ao={ly,}, Ar={a"} (1<r<n-—1), B={a*b,a*b*:0<s<n-—1},
C={a®*,a®t1p,a®1p?:0<s<n—1}.

Let A= (U'_{ A;),S=S4USpUSc, where Sy = SN X for X € {A,B,C}.

We suppose that |S| =s, [Sa| =S4, |SB| =S4, |Sc| = Sc. s = 5a + 5p + Sc-

First, we consider the one-dimensional representations of Ug,. Applying Corollary 2.3 (part
1), the adjacency matrix of the Cayley graph Cay (U, S) has the following eigenvalues and

eigenvectors:
for0<k<2n-1,

_ 2kj 2kj k(2j+1
/\Xk = Zazj'esé:? I+ Zasz,aZ/bzeSE l + Za2j+1,a2]’+lb,a2j+]bzesg 2+ ),
-1
_ 1 2kj -1 2ki 2ki"—1 2j+1D)k L(2j+1)k (2j+1)k " T
Uxe = 7/671({5 ]}j:() e e ]}jzo ,{8(] Jk, g2+ 1)k ¢2j+1) j:O) :

Now suppose that 7, is a two-dimensional irreducible representation of U, for 0 </ <n — 1.
Then 7;(S) = 11(Sa) + 11(SB) + 11(Sc), where

and
_ 20 21j _ 20 L, 241 . 2j4+1)1
¥ =Loics €, 1 = Lopes €, ¥2 = Laines €, 2= Lomes e, 21 = Lajaes e @,

22 = Y Citpes e,
x—y z—12 ,
Hence 7,(S) = se2 x—y ,where y=y; +yy and 2/ = z1 + z5.

Therefore the eigenvalues of I' = Cay(G, S) corresponding to the two dimensional unitary
representations vy; of U, for [ =0,1,--- ,n —lare A, =(x—y)+ (z—2')and A}, = (x —y) — (z —
z'). On the other hand, the eigenvectors of 7;(S) corresponding to eigenvalue A € {A;,A;,}
arevy, = (1,4;,) and v Ay = (¢,,1). Now by applying Proposition 2.2, the associated eigenvec-

tors of Cay (G, S) corresponding to the eigenvalue A € {A;,A,} are vg{) =Y.¢ec[on- Y/ (8)leg (j=
1,2), where 7,/ (g) is the jth column-vector of 7;(g). Therefore, we have the following eigen-
vectors:
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Notice that, for any 0 < j < n — 1, the sets {vl(ll),vl(lz)} and {vl(zl),vl(zz)} are the orthogonal
bases for the eigenspaces V/\11 and V)\lz associated with A;, and A;,, respectively. Furthermore,

one can assume that <vl(11),vl(21)> = 0 since we have an inner product on V, and thus / L, =—4
Now let £; = £}, and 1; =1 + |/ 2. Thus we have the following eigenvectors:

1

1

1 —
o = AU o A}y ()2 et} - o}

{g(2j+1)lw2€l }jol)T’

1

n—1 n—1 n—1 . n—1 . n—
Ull 3n1 ({SZZ 4 } {Szl]wzgl} {52]“’51} { (ZJH)l}jzo '{8(2]+1)lw2}j=o ,
{ (2j+1)l,
j=
n—1

1 17 n—1 n—1 n—1 -1 . —
vl(z) _ \/317”({_821]61}]‘:0'{_8 g} - 52’]w2£} { (2j+1)1 }] ) { (2]+1)lw} ’

j=0
X n—1
{8(2]+1)lw2} )7
j=0

n— n—1 . - n—1
o) = ({2} (P} (e }]:01,{ (2]+1)l€l}] . {_g(z]+1)zwz£l}j_ ,

=0
1
_ (2411, )27 T
{ € w El}j:o) .
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3 PST on Cayley Graphs

For a simple graph I' with n vertices, Spec(I') denotes the set of all eigenvalues of I'. For
any symmetric matrix A, assume that its eigenvalues are A;’s for 1 <i < n. There is a unitary
matrix P = (vy,---,v,), where each v; is an eigenvector of A;, (1 <i < n). Thus we have the
following spectral decomposition of A

A:A1E1+'+AnEn,
where E; = v;v;*(1 <i < n) satisfies

E ifi=],
EiEj =
0 otherwise.

Let I be an undirected simple graph whose vertex set is denoted by V(I') and A = A(T)
be the adjacency matrix of I'. For a real number ¢, the transfer matrix of I is defined as the
following n X n matrix:

& (—itA)®

H(t) = Hr(t) = exp(=itA) = ), =

(H(t))u,UGV(F)I

where i = v/—1 and n = |V(I')| is the number of vertices in I'. Therefore, we have the de-
composition of the transfer matrix

H(t) = exp(—iAt)Ey + -+ + exp(—iAnt)Ep.

] We also need notation of the 2-adic exponential valuation of rational numbers which is a
mapping defined by

2:Q— ZU{oo}, 12(0) = oo, qz(Zt%) =t, wherea,b,t € Z and 21 ab.

We assume that 00 4 00 = 00 4t = o0 and co > t for any t € Z. Then for B, ' € Q, the following
properties yield for 75:

L n2(BB') = m2(B) +12(B'),
2. m2(B + B') > min(n2(B),172(p’)) and the equality holds if 112(8) # 72(B').

3.1 PST on Cayley Graph over U, Group

Assume that A = A(I') is the adjacency matrix of the Cayley graph Cay(Us,,S). A has
the eigenvectors vy for 0 <k < 2n — 1 and vl(l) forl1<i<4and 0 <[ <wn —1, which are
introduced in Section 2 depending on the parity of n. Hence we have the following unitary
matrix:

(1) (2) (3) (4) (1) _(2) (3) (4)

P:(UO/UII"'/UZH—llvo /UO /UO /UO /"'/Ul /UZ /UZ /vl )
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The corresponding projective matrices are E; = (%n <82?Q® @{ 3] € Q%? J 3) ,
3 3

where [y, is the all-one matrix of order m, and C) is the circulant matrix with the first row
(1,572]', 374]', ce ,8*2]'(”*1) ) And

cw_ LA OGN o _ 1 ([GPAT e AT
o 3n \edfiA [6)PA )" 78 3n\e AT AT )7

e B e e B
! 3n \ -y A )T 3n \ —e LOAT  |G]PAT )7

where A is the circulant matrix with the first row (QV,w?QY,wQY) and O is the anti-circulant

matrix the first row (1,62 ,e=4,... e~ 2(n-1),
Now we compute the (u,v)-th entry of the transfer matrix. We obtain:

1. if 0<u,v<3n—-1lor3n<uv<éb6n-1,

1 2n—11 (i ‘
(H(t))u,v:@( Z 7(8 ( )k)exp(—Z/\kt))
k=0 ‘I
1. =1 —(u=o)l, ,(i+j) 2 :
+o-( ) (e W1+ 14]%) exp(—iAyt))
3n' = u
0<i,j<2
1,51 —(u=0)l_,(i+j) 2 .
+ () (e (1 [6) exp(—idpt)),
3n = u
0<i,j<2

2.if0<u<3n-1,3n<v<6n-1,

1 2n—1

(H(t))uo = 67( ) g2k gm0k exp (—iAgt)
k=0
1 “ 1 17 o—(u—v)l, Jit+j ! —(u—o)l, Ji+j .
+%( Y. E(sé,.s w4 el)e w" ) exp(—iAyt))
0sife2
1,51 7 o~ (u—v)l  Jitj lp —u—0)l it+j :
+?( Z —(—¢ll).e W —¢€le w' ) exp(—iAyt)).
moizo h
0<i,j<2

60

@

)



Khalilipour et al. / Journal of Discrete Mathematics and Its Applications 9 (2024) 51-64

3. if3n<u<én—1,0<v<3n-—1,then

12 ok o
— () e "N exp(—iAkt)
6n " =
1, =1 TR L
+ 37/1( 2 . (81&.8—(u—v)lwz+] + 8151.8_(”_v)lw1+]) exp(—iAyt)) .
0<l ]0<2

—1 1

(H(t)>u,v =

— (=gl em =Nt — el e~ =0t ) exp (—iA, ).
=0 l

Applying the above arguments, we give a complete characterization of existence of PST for
quasiabelian Cayley graphs over Ug, groups.

Theorem 3.1. Let I' = Cay(Ug,, S) be a quasiabelian Cayley graph with respect to S. Then I' has 2n (not
necessarily distinct) eigenvalues which correspond to the one-dimensional representations ¢y (0 <k <2n—1),
respectively, with one is Ao = |S| and the 2n — 1 other eigenvalues which are denoted by Ay, and some multiple
eigenvalues corresponding to the two dimensional representations «y; (0 <1 <mn — 1), which are denoted by
1. Moreover I' is periodic if and only if it is integral. The minimum period of the vertices is 27t/ M, where
M = gcd(A — Ag: A €Spec(I') \ {Ao}). Furthermore, For each n, T has PST between two vertices u and v if
and only if

1. all eigenvalues of I" are integers, namely, I' is integral,
2. v=u+nwhen0<u,v<3n—1lor3n<uv<é6n-1,

3. 12(A1 — Ag), 12(Agka1 — Ao) and n2(pap—1 — Ag) are the same forall 1 <k' <n—1and1<1'<n/2,
say, a, and nz (g — Ao) and 12(Aog — Ag) are bigger than o forall 1 <1’ < n/2and 1 <k <n-1

Proof. Applying Corollary 2.3, we have the following unitary matrix

P = (UO,Ul, U /vzn—lrv(()l)/véZ)fv(()S)/vgl)/ U /Ul(l)/vl(Z)lvl(S)/vl(4))'

where v, and vl(i) are introduced in Lemma 2.4 respectively 0 <k <2n —1,1<i<4and0<I<n—1.
Since S is a normal Cayley subset, we have /; = ¢; = {;, = 0 and then (; = 1. Now by applying the
Section 3.1 when ¢; = 0, we may obtain that: if 0 < u,v <3n —1o0r3n <u,v <6n — 1, then

1 2n—1 e .
(H{))uo = 2 Y (e k) exp(—iAgt))
k=0
2 n—1 1 (i )
+3?( E (e~ (=) w(l+]))exp(—zylt)
1=0
0<i,j<2
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Now it is immediate that;

2n—1
[(H()uo] < %( Xl lexp(—inut)

Z W D)) [exp(—iput)|

=0
0,j<2

2—"+—21—1

I/\N

Thus |(H(t))u| =1ifand only if for 0 <1 <n —1and 1 < k < 2n — 1, it holds that

exp(—irgt) = e~ exp(—iAgt) = e~ W+ exp(—int),

where i + j should be 3 or 0, otherwise w! 4+ w? = —1. From the last two equations, since ¢ is the 2n-th
root of unity, we get that n divides u — v. Let t = 27tT, we have that

u—v=0 (modn),

(Ak—)\Q)T—gez, 1<k<2n-1,
(yl—/\o)T—éGZ, 0<I<n-—1,

Since 0 = trA = Zigl A+ 42?:_()1 p1, we have that 6nA¢T € Z, and since Ay = |S| is a positive integer,
we may conclude that T € Q. By using this fact that all the eigenvalues are algebraic number, and
since in this case they are rational, we obtain that they are integral. Thus 72(A1 — Ag), 72(Aax 41 — Ao)
and 12 (por—1 — Ap) forall 1 <k’ <n—1and 0 <1’ <n/2, are a constant, say «, and 12 (o — Ag) and
72 (Ao — Ag) are bigger than w forall 1 <!’ <n/2and 1 <k' <n —1.

]

Example 3.2. Let I = Cay(Ug,,S), where S = {a®+1),a@+p,a2+ V52| 0 < j < n — 1}. Then, in both
cases of even n and odd n, eigenvalues of I are (31” o, *3”) Thus by Theorem 3.1, I is an integral graph
and periodic with minimum period 27t /3n, but it has no PST.

Example 3.3. Suppose n is an even integer and S = U, \ {1,a"} be a subset of Ug,, such that ¢Sg~1 = S for
all g € Ugy. Let I' = Cay(Usy, S), be the Cayley graph with connection set S. Then from the character table of
Usn, eigenvalues of I are A\g =6n —2, Ay =0and forall 1 <k' <n—-1,1<1'<n/2:

Aoprg1 = ploy—1 =0 and Agp = pop = —2.

So I is integral. Hence it is periodic with minimum period 7. Furthermore, 12(A1 — Ag) =1, and for all 1<
K <n—1and0 <! <n/2 we have:

M2(Aox 11 — Ao) = m2(par—1 — Ao) =1 and n2(Agw — Ao) = n2(par — Ao) =2

Then by Theorem 3.1 implies that I" has PST between two vertices u and v, where v = u +n when 0 < u,v <
3n—1or3n<u,v<é6n-1.
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4 Concluding remarks

We have presented a comprehensive survey of perfect state transfer (PST) on Cayley
graphs over Ug, group. Our findings have significant implications for the development and
optimization of quantum networks, as they provide graph structures that facilitate the effi-
cient transfer of quantum information. Those also have broad implications for the design
of quantum networks and suggest new avenues for quantum computing research. As more
research is conducted in this area, it is likely that more insights and advances will emerge
and advance our understanding of quantum systems and their applications in various disci-
plines. We are grateful to the reviewer for his careful reading and insightful comments that
helped us improve this paper.
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