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Abstract. Let (N,G) be a pair of non-abelian finite p-groups and K be a normal subgroup of G
such that G = N x K. Moreover, let [N| = p" and |[N’| = p¥, where K is a d-generator group of order
p™. Then |M(N,G)| = pz(n=D=2+1+(n=1)m=s" where M(N,G) is the Schur multiplier of the pair
(N,G) and s’ is a non-negative integer. In this paper, the non-abelian pairs (N, G) for s’ =0,1,2,3 are
characterized.
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1 Introduction

Schur [21] defined the Schur multiplier of a group G. The Schur multiplier of a group G is
as the abelian group M (G) = RN F /[R,F] in which F/R is a free presentation of G, (see [8]
for more information.) In 1956, Green [5] proved that |M(G)| < p%”(”_l) for p-groups G of
order p". Thus |M(G)| = p%”(”’l)’f(c) for some t(G) > 0. In [1,4,6,9,12] all finite p-groups
are characterized when {(G) =0,1,2,...,7.
Niroomand [14] improved the Green’s bound and proved that for non abelian p-groups of
order p", |IM(G)| = p%(”’l)(”’z)“’s(c), for some s(G) > 0. The structure of non-abelian p-
groups for s(G) =0,1,2,3 has been determined in [6,14,16,17].
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A pair of groups (N,G) is a group G with a normal subgroup N. In 1998, Eliss [2] intro-
duced the Schur multiplier of the pair (N, G) to be the abelian group M (N, G) appears in a
natural exact sequence

G
Hs(G) — Hj (N

N
[N, G]

) = M(N,G) = M(G) — M(%)

—(G)" — (E)“b —1,

—
N

in which H3(—) is the third homology of a group with integer coefficients. If N = G, then
M(G,G) is the usual Schur multiplier of G.
Let (N,G) be a pair of groups such that G = N x K with [N| = p" and |K| = p™. Ellis [4]
proved that

M(N,G)| < parirsan ), 1)

In this paper it is proved that
IM(N,G)| < p%(n—l)(n—2)+1+(n—1)m. 2

So, |[M(N,G)| = p%(”—1)(”—2)+1+(”—1)””_5/, where s is a non-negative integer. The upper
bound (2) is better than the upper bound (1). Moreover, all non-abelian finite pairs (N, G) for
s = 0,1,2,3 are characterized.

2 Preliminaries

In this section, some preliminary results are discussed which will be used in the main
theorem. Throughout this paper the following notations are used:
Qg: quaternion group of order 8§,
Dg: dihedral group of order 8,
E;: extra special p-group of order p> and exponent p,
E,: extra special p-group of order p> and exponent p? (p # 2),

C,n "+ direct product of m copies of the cyclic group of order p”,

G®: the abelianization of group G.
M.N: the centeral product of M and N.

James [13] classified all p-groups of order p" for n < 6 up to isoclinism which are denoted
by ®,. We use his notation in our paper.

Theorem 2.1. ([6,14,16,17]) Let G be a non-abelian p-group of order p™ and | M(G)| = p%(”_l)(”—Z)—l-l—s,
then

(i) s = 0ifand only if G = Ey x C' %),
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(ii) s=1ifand only if G=Dg x C" P or G=C¥Y x C, (p #2).

(iii) s =2 if and only if
(1) G=E(2) x C;(,"_zm_z) =E.Z(E) x Cén_m_z), where E is an extra special p-group and
Z(E) is a cyclic group of order p™ (m > 2),
(2)G=Ey x C"3),
(3)G=Qsx ",
(4) G=H x C,()n_zm_l), where H is an extra special p-group of order p*™+1 (m > 2),
(5)G=(a,b|a*=0b*=1,[a,b,a] = [a,b,b] =1,[a,b] = a®b?)
(6) G (a,b,c|a*=0b*>=c*=1,abc = bca = cab)
(7) G (a,b|a?" =1,bF =1,[a,b,a] = [a,b,b] =1)
(8)G=Cpx () % Cp) (p #2)
(9)G={ab|a®=0b>=1,[ab,al =1,[ab,b] =a®[abbb] =1)
(10) G={(a,b | a? =1,bF =1,[a,b,a] = [a,b,b,a] = [a,b,b,b] =1) (p #3)
(11) G = ¢ (211)b (This group is omitted in [16], but |M(G)| = p?> and n = 4s0 s =2, see [7])

(iv) s =3 if and only if
(1) G=Dy(22) = (a, ag,ap | [a1,a] =af = ocz,ocf2 =ab =1),
(2) G= Dy(2111)c = P»(211)c x Cp where P (211)c = (&, a1, &y | (a1, a] = ap,ab = af =
ab =1),
(3) G = ®,(2111)d = E; x Cpp,
(4) G = ®3(211)a = (w,aq, 40,03 | [a1,a] = ap, [ap,a] = &P = Oég,agp) =ab =af =1),
(5) G = ®3(211)b, = (o, 01, 00,03 | [0, 0] = ap, [p, ] = P = Oég,agp) =ab =af =1),
(6) G = ®3(1°) = D5(1%) x C, where P3(1%) = (v, a1, 20,03 | [w;,4] = aj1,0F =
af =1(i=1,2))
(7) G =2 D7 (1°) = (&, 1,00, 03, B | [, 0] = ajyq, [1, B] = a3, 4P = txip) aof  =pr=1(i=
1,2)),
(8) G = ®P,(1°) = E; x Ey,
(9) G = P13(1°) = (w, a1, 4,23, 004, B1, B2 | [i,is1] = Bi, [0z, 4] = Bo,af = of = o) = Y =
1(i=1,2)),
(10) G = @y5(1°) = (w1, a0,a3,04,B1,B2 | [0, 0i11] = Bi, [a3,04] = B, [z, 04] = B3, =

r) _

~.

zxg = (xZ = ,Bf = 1(i = 1,2)) where g is the smallest positive integer which is a primitive root
modulo p,

(1) G = (Y x C,) x Y,

(12) G q’11(16) (a1, B1, 02, B2, 3,3 | [1,02) = Ba, [, 03] = B, [as,a1] = Bo,alP) =
Bl =1(i=1,23)),

132 5o,

(14) G = C2 X ((C4 X Cz) b Cz),

(15) G = D1 dihedral group of order 16,
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(16) G = C4 b C4.

3 Main Results

In this section, some upper bounds for the Schur multiplier of pairs of groups are obtained
that are better than the upper bound of (1). Then they are used for characterizing the pair of
non-abelian finite p-groups. The following results are used in our proofs.

Lemma 3.1. ( [14], Main Theorem) Let G be a non-abelian finite p-group of order p™. If |G| = p*,
then we have
|M(G)| < p%(n—i-k—Z)(n—k—l)—&-l‘

In particular, |M(G)| < p2=D=2+1 and the equality holds in this last bound if and only if
G = Eq x Z, where Z is an elementary abelian p-group.

Lemma 3.2. ( [18], Corollary 1.2) Let (N, G) be a pair of groups and K be the complement of N in
G. Then
[M(N,G)| = [M(N)|IN" @ K*|.

Lemma 3.3. ( [15], Theorem 2.2) Let G be a p-group of order p" (n > 4) such that |G'| = p("=2),
then

|G’| otherwise.

Proposition 3.4. Let (N,G) be a pair of groups and K be the complement of N in G. Also, let
IN| = p", IN'| = p"~2 We have

MG < BN @ K] p=2
IN||N“C @ K| otherwise.

Proof. We can obtain the results using Lemmas 3.2 and 3.3. O

Lemma 3.5. ( [15], Corollary 2.3) Let G be a p-group of order p" with derived subgroup of order p*.
Then
‘M(G)‘ < p%l’l(l’lfl)*%k(kﬂ’l)

4

equality holds if and only if G is elementary abelian or G = E;.

Proposition 3.6. Let (N, G) be a pair of non-abelian finite p-groups and K be a normal subgroup of
G such that G = N x K. Also, let [N| = p", |N'| = p*, where K is a group of order p™. Then

IM(N,G)| < p%”(”+2m*1)f%k(k+1+2m)
and the equality holds if and only if G = E1 x C;S’”).
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Proof. We obtain the result from Lemma 3.5 and Lemma 3.2.

) -1)-1 n—k)m
IM(N,G)| = [M(N)||N @ K?| < pzn(n=D)=ak(ktl) 4y (n=k)

_ p%n(n+2m—1)—%k(k+1+2m)'

]

Proposition 3.7. Let (N, G) be a pair of non-abelian finite p-groups and K be a normal subgroup of
G such that G = N x K. Also, let [N| = p", |N'| = p*, where K is a d-generator group of order p™.

Then
IM(N,G)| < pan+k=2)(n=k=1)+1+(n—k)d

Proof. We have |N® @ K| < p("=K)4 and by Lemma 3.1 | M (N)| < p2(n+k=2)(n=k=1)+1 Thyg,
by Lemma 3.2, we obtain

[M(N,G)| = [M(N)[|IN? @ K|
< p%(n+k72)(nfk71)+1+(nfk)d.

Theorem 3.8. Under assumption of Proposition 3.7
IM(N,G)| = p%(n 1)(n—2)+1+(n—1)m—
Moreover, we have
(i) s' =0ifand only if (N, G) is isomorphic to the following pair
(E1 x C;(gnf?’),El X Cr(,”73) X C;(?m)).
(ii) s' =1ifand only if (N, G) is isomorphic the following pair
(Dg x C"¥), Dg x "% x c{™).

(iii) s' =2 ifand only if (N, G) is isomorphic to one of the following pairs:
(1) (E1,Eq X K) where K is a group withm =d + 1,
@) (E@) x €%, E(2) x ¢ x "),
(3) (Ep x C %) E X C(”_3) X Cr(,m)),
(4) (Qs x CV"¥, Qg x "% x c{™),
(5) ( ]gn 21-2) H x C(n —21-2)
P21_1/ (l > 2)’
6) ({a,b | a* = b* = 1,[a,b,a] = [a,b,b] = 1,[a,b] = a®b?),{a,b | a* = b* = 1,[a,b,a] =
la,b,b] = 1,[a,b] = a%?) x C\™),

X C;,m)), where H is an extra special p-group of order
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(7) ({a,b,c | a> = b> = ¢®> = 1,abc = bca = cab),{a,b,c | a*> = b> = ¢*> = 1,abc = bca =
cab) x Cr(,m)),

(8) ((a,b | a?* =1,bP =1,[a,b,a] = [a,b,b] =1),(a,b | a?" =1,bP =1,[a,b,a] = [a,b,b] =
1) x ci™)y,

(9) (¢2(211)b,¢2(211)b x C,).

= 3 ifand only if (N, G) is isomorphic to one of the following pairs:

(1) (Dg,Dg x K), where K is a group withm =d + 1,

(2) (( ) % Cp) X C( ) (C(4) X Cp) X C(Z))

(3)((ab\a —b3—1 [a,b,a) =1,[a,b,b] = a®,[a,b,b,b] =1),{(a,b|a’ =b*>=1,[a,b,a] =
1,[a,b,b] = a [a,b,b,b] = 1)),

(4)((ab|a9—b3—1 [a,b,a) =1,[a,b,b] = a®[a,b,b,b] =1),{(a,b | a® =b>=1,[a,b,a] =
1,[a,b,b] = ab,[a,b,b,b] =1) x Cp),

(5) ({a,b | a? =1,bF =1,[a,b,a] = [a,b,b,a] = [a,b,b,b] =1),{(a,b | aP =1,bF =1,[a,b,a] =

[a,b,b,a] = [a,b,b,b] =1))

(6) ({a,b|a? =1,bP =1,[a,b,a] = [a,b,b,a] = [a,b,b,b] =1),{a,b|a? =1,bY =1,[a,b,a] =

la,b,b,a] = [a,b,b,b] =1) x Cp),

7) (92(22),92(22) x i),

(8) (¢3(211)a,¢3(211)a),

(9)(¢3(211)by, §3(211)b;),

(10) (¢2(2111)c,¢2(2111)c),

(11) (¢2(2111)d, ¢o(2111)d),

(12) (¢5(1°),¢5(1°)),

(13)(¢7(15) ¢7(1°)),

(14) ($12(1°),912(1°)),

(15) (¢13(1°),¢ 3(16))/

(16) (¢15(1°),¢15(1°)),

(17) (¢11(1°),¢11(1°)),

(18) (D16, D16),

(19) (C4 ><1 Cy,Cy ™ C4)

(20) (CS¥) % Gy, €Y % Cy),

(21) ( ((C4 X Cz) b Cz) C2 X ((C4 X Cz) X Cz))

Proof. By Lemmas 3.1 and 3.2, we obtain

Thus,

p%(n—l)(n—2)+1+(n—1)m_s’ _ P%(n—l)(n—z)-i-l—s_'Nab ® Kabl

p(n—l)m—s’ _ p—s.‘Nab ® Kﬂb‘
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and so,

p(n—l)m _ ps’—s‘|Nab Q Kub| < ps’—s.p(n—k)d
< ps’fs'p(nfl)m

Therefore, s’ > s.
Case s’ = 0. Then s =0, and by Theorem 2.1 N = E; x C;n_3). We have |N'| = p and so,
IN @ K| < p(r=1)4 Now, we have

P(n—l)m < p(n—l)‘d < p(n—l)m

Thus,d =mand G = E; X C;,n_3) X C,(,m).

Cases'=1.Tfs =0, then N2 F; x CJ" ). Let N= E; x C{", then

P(nfl)m _ p’N”b ® Kab’ < p.p(nfl).d _ p(nfl).dJrl.

Thus, (n —1)m < (n—1).d+1and so, (n — 1)(m — d) < 1. This implies that # = 1 or 2 and
m = d, thus |[M(N)| = p?/2("=1(=2) which is impossible.
If s=1, then N = Dg X C,E,n%) or N = Cgl) x Cp (p #2). Suppose that N = Dg x Cén%),

then |N'| = p = 2. Now, we have
p(nfl)m _ Ps’fs'|Nab ® Kab| _ |Nab ® Kab|'

Hence, p("~m < p(n=1)d < p(n=1)m this implies that d = m and so G = Dg x Cén_3) X Cém).
If N = C;(,4) x Cp (p #2), then |[N'| = p? and so, p"~ 1" < p(n=2)d < p(n=2)m which is

impossible.

Cases’' =2.Lets=0,then N = E; x Cr(,”_?’). Hence

p(n—l)m _ p2.|Nab ® Kab| < p(n—l).d+2.

Hence, (n —1)m < (n—1).d+2and so, (n —1)(m —d) <2. Thus, n =3 and d = m or
m=d+1.1f m=d, then |M(N)| = p!/2(*=1D("=2)=1 which is contradiction by Theorem 2.1,
else G=Ey x K,wherem =d + 1.

Ifs =1, then N = Dg x C{" > or N2 C¥ x C, (p #£2). Let N2 Dgx C{""?, then
IN'| =2. Also, 2(m —d) < 1. Thus, m =d, K= C{", hence, |[M(N)| = pl/2(r=1)(n-2)-1
which is contradiction using Theorem 2.1

Now, assume that N = Cr(,4) x Cp (p #2), then |N'| = p? and we have

p(n—l)m < p.p(n—Z).d < p1+(n—2)m

,s0,m<Tland M(N) = pl/z(”_l)(”_z)_l, which is contradiction by Theorem 2.1.
Let s = 2, then by Theorem 2.1, we have N = E(2) X C,E,”_zm_z) =E.Z(E) x C,S,”‘Z’"‘”,
where E is an extra special p-group and Z(E) is a cyclic group of order p™ (m > 2)
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N2ExCl ¥, N2Qgxcl"?,

N=H x Cé,"_zm_l) where H is an extra special p-group of order p?"*1 (m > 2),
>~ (a,b | a* = b* =1,[a,b,a] = [a,b,b] = 1,[a,b] = a®b?),

>~ (a, bc|a = b? = c? = 1,abc = bca = cab),

(a,b|a? =1,bP =1,[a,b,a] = [a,b,b] = 1),

112

ZZZZZZ

~C, x<c§f>><c><p7éz>

%<ab]a =b*>=1,[a,b,al =1,[a,b,b] = a® [a,b,b,b] =1)
= (a,b|a? =1,bF =1,[a,b,a] = [a,b,b,a] = [a,b,b,b] =1)
N = ¢,(211)b

Similar to the previous cases we obtain G = E(2) X C;(g”76) X C;(gm), G=E; X C,(,n%) X C;(,m),
GQex "V xc™ G=Hxcl" P xcl" (1>2),G= (a,b|a* =b*=1,[a,b,a] =
[a,b,b] = 1,[a,b] = a?b?) x C;(gm), G =2 (a,b,c | a®> = b> = ¢? = 1,abc = bca = cab) x C;(,m) or
G (ab|a? =1,bP =1,[a,b,a] = [a,b,b] = 1) x CJ".

Cases =3.If s =0, then N = Ei x Cr(,n73) and we have

p(n—l)m _ p3 |Nub ® Kab| _ p3 |E % C("_3) ® Kab|

<p3.|E; ®K“b||c ®K”b|

< pB pH pn=3)d _ p3t(n-1)d,

Hence (n — 1)(m — d) < 3, in this case we obtainn =4 and m =d + 1.

If s = 1, then N = Dg x C{" > or C§¥) % C,, p # 2. Let N2 Dg x C{" ), then p(r-1m <
p2.pn=1)d go p(n=1)m < 2+n-1)d Therefore (m —d) <1,hencem=dorm=d+1.Ifm=d
then | M(N)| = p'/2(*=1(=2)=2 which is contradiction and there isn’t any group in this case.
Therefore G = Dg x K, where K is a group with m =d + 1.

Let N & C,(f) x Cp, p # 2, then |N'| = p? and we have p("=1)m < p2 p(n=2)d s pim <
p?34, hence m < 2. Also |M(N,G)| = p® < p*@, hence d > 2 and G = C;(f) x Cp x Cpa or
G=cWxc,xC, p£2.

Now, suppose that s = 2, then N is isomorphism with one of 10 groups by Theorem 2.1. In
1to7 groups, |[N'| = p, we have p("~1" = p |N? @ K| < p.p(*=14, hence (n —1)(m —d) <1,
son=1orn=2,m=dorm=d+ 1. By the definition of these groups we can not have n =1
orn =2,since n # 2, m #d + 1, therefore m = d and K = Cr(,m).

In the first group d(N) = n — 21 + 1, so p(*= D" < p p(n=240m thus —2m — 2Im < 1. By
the definition of N, [ > 2, therefore m = 0 and |[M(N)| = p!/2(n — 1)(n — 2) — 2, which is
contradiction using Theorem 2.1. So there isn’t any pair of groups in this case.

Now suppose that s = 3, then N is an isomorphism with one of the 16 groups in the
Theorem 2.1. In this case we argue by the [N| and |N’|.

If N = &,(22), then |[N| = p* and |N’| = p, so p*" < p < p*". Hence d = m and G =
®,(22) x 3",

If N = ®3(211)a or N| = ®3(211)b,, [N| = p*, [N’| = p* and d(N) = 2, hence p®" < p?? <
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p>™, therefore m = 0 and G = N.

If N = ®,(2111)c or N =2 &,»(2111)d, |N| = p°, |N’| = p and d(N) = 3, hence p*" < p* <
p*". therefore d = m, Also on the other hand p*" < p", so m = 0 and G = N in both cases.

If N2 ®3(15) or N =2 ®3(17), |[N| = p°, |[N/| = p?, and p*" < p3 < p3", therefore m = 0
and G = N in both cases.
In other cases when p # 2 we have |[N| = p®, |[N’| = p? or |N’| = p®. We can show similar to
the previous cases m =0 and G = N.

If p=2and N = Dy4 or C4 x Cy, then |N| = 2% and |N’| < 22. Therefore p>" < p? < p?",
Som=0and G2 N. Alsoif N2 C¥ x C; or N= G, x (C4 x C3) % Cy, then |[N| = 25 and
IN’| = 22, hence p*" < p* < p*", hence m =0 and G = N. O
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