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Abstract. The symmetric division degree SDD-index of a simple connected graph G is defined
as the sum of terms f(d,,d,) = (du/dy) + (dv/d,) over all pairs of distinct adjacent vertices of G;
where d,, denotes the degree of a vertex u of graph G. In this paper, we introduce the general form of
symmetric division degree index by replacing the degree of vertices f(d,,d,) with another symmetric
function of vertex properties. We establish some properties of the generalized symmetric division
degree index GSDD index for certain special functions and calculate the values of these new indices
for some well-known graphs.
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1 Introduction

In this paper, we consider a simple graph G = (V,E) with vertex set V(G) and edge set
E(G). An edge e € E(G) with end vertices u and v is denoted by e = uv. In a graph G, the
neighborhood N (v), or simply N,, of a vertex v is the set of all vertices adjacent to v. The
degree of a vertex v, d, is the cardinality of N,. We denote the smallest and largest degrees
of graph G by 6(G) and A(G), respectively. If A(G) = 6(G), then G is called a regular graph.

The distance d(u,v) between two vertices u and v in a graph G is the length of the shortest
path between them. The total distance D(u) of a vertex u in a graph G is the sum of the
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distances between u and all other vertices in G, formally, D(u) = ¥ ycv () d(1,0).

The sum of the degrees of all the neighbors of the vertex u in the graph G is denoted by
Sd(u) in which Sd(u) = Y_,en, do-

Topological indices, including the Randi¢- type indices [11], Zagreb-type indices [8], Szeged
index [8], and Wiener index and its modifications [15] are referred to as band-additive be-
cause they are presented as the sum of the contributions of the edges of the graph. These
indices are expressed in the general form }_,,,cg(c) f(1,0), where f may be a function of the
vertex degree, the distance of a vertex from all other vertices in the graph, or other variables
associated with the vertices.

In the graph theory, an edge-transitive graph is a graph G in which, given any two edges
e and ¢’ of G, there is some automorphism f : G — G such thatf (¢) = ¢’. The orbit of an edge
e € E(G), denoted by E,, is defined as E, = {f(e)|f € Aut(G)}. Similarly, a vertex-transitive
graph can be defined. It is a well-known fact that all vertices in the same vertex-orbit have
the same degree.

The symmetric division degree index, denoted by SDD, was introduced by Vukicevi¢ and
Gasperov in [14]. It is defined as SDD(G) = ZuveE(G)f(du,dv), where f(dy,dy) = f(dy,dy) =
Z—Z + Z—z and d, denotes the degree of vertex u. For more details about this index see [1-7,9,
10,13] and the references cited therein. By replacing the degree of vertices with a function
of vertex properties, we introduce a general form of the SDD is called as the generalized
symmetric division degree, denoted by GSSD. The GSSD of graph G with respect to function
f is defined as follows:

GSSD/(G) = E + , 1
f( ) uveE(G) f(v) f(”) ( )

where f(u) and f(v) denote the values of function f at vertices u and v, respectively. See [12]
for degree-based functions.
2 Some properties of generalized symmetric division degree index

The GSSD index, provides a flexible and powerful tool for studying the structural proper-
ties of graphs. Its application to special functions and well-known graphs can yield valuable
insights into the behavior of the index and its relationship to other topological indices.

The new index exhibits certain general properties that can be verified for any chosen f-
function. In the following, we will obtaine some of these properties.

Theorem 2.1. Let G be a graph with m edges and let f be a real-valued function on vertices. Then
GSSD¢(G) > 2m.
Moreover, equality holds if and only if f(u) = f(v), for all uv € E(G).
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Proof. 1t is straightforward to observe that for any real positive number x, x + % > 2. There-
fore, for any edge uv € E(G), we have:

=

u)

(0)

Summing over all edges uv € E(G), we obtain:

@) o,
u) —

+

\"\
el

fw) )
GSSD((G) = > 2m.
o= 2. (ot + ) 22

To prove the second statement, assume that GSSD¢(G) = 2m. Then, for each edge uv €

E(G), we must have ;EZ; + ;EZ% = 2. This implies that f(u) = f(v) for all uv € E(G).
Conversely, suppose that f(u) = f(v) for all uv € E(G). Then, for each edge uv € E(G),
we have fgz; + }CEZ% = 2. Therefore, GSSD¢(G) = 2m. Hence, if f(u) = f(v) for all uv € E(G),

then SD¢(G) = 2m. O

Finding the upper bound in the general case is not an easy task due to the unlimited
functions. But it is possible to find upper bounds for this index in special cases and for
specific functions.

Let f be a function on the vertices of a graph G, then for an edge ¢ = xy we define the
edge f-orbit of e as Ef(e) = {uv € E(G)|f(u) = f(x),f(v) = f(y)}. A graph G is said to be
f-edge transitive if for any two given edges e,e’ € E(G), Ef(e) = E¢(e’). Similarly, G can be
deemed f-vertex transitive through a parallel definition.

Theorem 2.2. Let G be a graph on n vertices, f be a function on the vertices of G, and
Ef(e1),E¢(e2),---,Ef(ex) be all edge f-orbits of G and e; = u;v; be an arbitrary edge of E¢(e;), (1 <
i <k). Then

K 2y, 20,

Proof. Since for two edges e = u;v; and ¢’ = ujv; € E¢(e;), we have ﬁzl; + J{(vig = f(u%) + ;
so we have the desired result. H

Corollary 2.3. For a function f, let G be an f-edge-transitive graph on n vertices and m edges. Then

GSSD{(G) = m (“2;;52),

where for the arbitrary edge e = uv, we have « = f(u) and p = f(v).

It is worth noting that in Equation (1) when f(u) = d,, we obtain the same value as the
SDD index. By replacing f(u) = D(u) in place of f(u) in Equation (1), we obtain the special
case of GSDD as follow:
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GSDDp(G)= ¥ i
uv€E(G)

By substituting f (1) = Sd(u) the following index concluded:

sd(u) sd(v)
sd(v) + sd(u)’

GSDDw4(G) = )
uv€E(G)

In the following, we calculate the value of GSDD index of these specific functions for
some well-known graphs.

Example 2.4. Consider the complete bipartite graph K, », with vertices uy,uy, ..., Uy in one part and
01,02, -.,Vn in another part. for any edge e = u;v; € E(Kyu,n) , we obtain

D(v;) 2n+m—-2 2m+n-2
D(u;) 2m+n—-2 2n+m-—2

D(u) | D(ov)
GSDDp (Kyn) WEZE(G) Do) +3 0 )
:mn(Zn—{—m—Z 2m+n—2) )
2m+n—2 2n+m—2
_ mn(5m? + 8mn — 12m + 5n% — 12n + 8) )

(2m+n—2)(m+2n—2)
On the other hand, for all u € V(G), we have Sd(u) = mn and thus

GSDDgy(Kuy) = Y (gflgz; + gZEZ;) = 2mn.

u~v

Example 2.5. Recall that the friendship graph (or windmill graph or n-fan graph) F, is a planar
graph constructed from the union of n copies of K, and one copy of K1 by joining the isolated vertex
to all vertices of of degree one (see Figure 1.). It may be also pictured as a collection of n triangles with
a common vertex. Let u be the central vertex of F,, then D(u) = 2n and for the non-central vertex v
we have D(v) = 4n — 2. Hence

_ 2
GSDDp(E) — Y 20 D@ _, (2 dn=2) ., 1410042
(0) 4n—2 " 2n n—1
uveE(Fy,)

We have also that Sd(u) = 4n for the central vertex u, and Sd(v) = 2n + 2 for other vertices of
F,,. This mean that

GSDDgy(Fy) = )
uv€E(Fy,)

Sd(u) Sd(v) 4n 2n+2 7n% +4n +1
:2 2 B ——
Sd(v) * Sd(u) "\ 2n 12 + 4n +en n+1
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Figure 1. The friendship graph F, with n =8.

Example 2.6. A wheel graph W, is a graph formed by connecting a single vertex to all vertices of a
cycle. For the central vertex u, we have that D(u) = n — 1 and for the non-central vertex v we have
that D(v) = 2n — 5. Therefore

D(u) = D(v) n—1 2n-5 9(n —2)?
GSDDp(W,) = =(n-1 2n—1) = ————.
p(1h) quEZ(Wn) (U)+ ( )(21’1—5+ n_1)+ ( ) 2n =5

For the GSDDg3(Wy,), the sum of the degrees of all the neighbors of the central vrtex is 3(n — 1)
and for orther vertices is n 4 5. Therefore

B Sd(u)  Sd(v) 3(n—1) n+5
chDwow)_wg%m + _(n—n( n+5-+%n_n)+2m—1)

_ 4(2n+1)?
-~ 3(n+5)°

Example 2.7. The double star graph Sy, ,, is formed by connecting the centers of two stars Ky ,, and
K1, with an edge. Here, we compute the general symmetric degree distance (GSDD) of Sy, with
respect to two different vertex functions:

For f(u) = D(u), we first note that the distance between any two vertices in Sy, , is at most 2.
We can compute D(u) for each vertex u as follows:

e For m pendant of Ky ,,, we have D(u) = 2m + 3n + 1.
e For n pendant of Ky ,,, we conclude D(v) = 3m + 2n + 1.

e For the two central vertices, we have D(u) =m +2n+ 1and D(v) =2m+n+ 1.

It may conclude that
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_ D(u) D(U))
GSDDp(Sp) WGEZ(SW) (D ) T Dl
:m(2m—|—3n+1+m+2n+1)
m+2n+1 2m+3n+1
+n(3m—|—2n—|—1 2m—i—n—|—1)
2m+n+1 3m+2n+1
2m+n+1 m+2n+1
<m+2n—|—1 2m—i—n—|—1)

_ (18m+18n+4)(m+n+1)
2m+n)2+7(m+n)+2
2m+n+1)(m+2n+1)2m+2n+2)

(5(m+n)+1)2(m+n)+1)

Similarly, for f(u) = Sd(u), we have:

o (85 8) (25312254

1 1
( n-+ m-+n—+ )~|—2.

m+n-+1 n+1

3 Generalized symmetric division degree matrix

Following Rather et al. in [12], the general adjacency matrix (A ;-matrix) associated with
the topological index of G is a real symmetric matrix, defined by

u,v) uv G
Af(G):(”f)ij:{g( ) othirfv(ise)'

The set of all eigenvalues of A¢(G) is known as the general adjacency spectrum (A f-spectrum)
of G and are denoted by A1(Af(G)) > A2(Af(G)) > ... An(Af(G)), where A1(Af(G)) is the
general adjacency spectral radius. By Perron-Frobenius theorem it can be proved that A1 (Af(G))
is unique and its associated eigenvector has positive components.

Also, the generalized-energy of G is defined as

n

Er(G) = ;Mi(Af(G))L

Itis clear that if for each edge e = uv, f (u) = f(v), then A¢(G) =2A(G) and hence specs(G) =
2spec(G).

Example 3.1. Suppose the graph G is vertex transitive.It is not difficult to prove that for any pair
of vertices u,v € V(G), we have D(u) = D(v). This mean that Ap(G) =2A(G) and specp(G) =
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2spec(G). Also, since the graph G is k-reqular, for each vertex u, Sd(u) = k* and thus Agy(G) =
2A(G), which yields that specs;(G) = 2spec(G).

Example 3.2. Suppose G is an f-edge-transitive graph. By Corollary 2.3, we conclude that A¢(G) =
(f(u) + f(v)> A(G), for each edge e = uv. Hence Ai(A¢(G)) = (“2:1> Mi(A(G)), where o = L&

flo) * f(u) f(0)
So we have the following theorem without proof.
Theorem 3.3.
1. Suppose G is an f-edge-transitive graph. Then
a® +1
£/(G) = "-""£(G),

where & = f for an arbitrary edge e = uv € E(G).

2. If G is vertex-transitive graph, then
Ep(G) =2&(G) and Es4(G) =2&(G).

3. In general £¢(G) > 2£(G).

Definition 1. Suppose G is a connected graph and f is a positive real-valued function on
vertices, where }_,,,c () f (1,0) is a topological index. Then the f-laplacian matrix is defined
as Ly = D¢(G) — Af(G), where D¢(G) is a diagonal matrix with diagonal entries (D¢); =

f(u).

The eigenvalues of L are called f-laplacian eigenvalues of G denoted by p1(Df(G)) <
#2(Df(G)) < -+ < un(Df(G)). Regarding the ordinary laplacian energy, the f-laplacian en-
ergy is defined as

B Yuev(c) f(u) '

1
Itis clear thatif f(u) =deg(u), then LE¢(G) = LE(G), since ey () f (1) = Lyev(c)deg(u) =
2m.

Example 3.4. If G is a connected graph in which f (u) = D(u), then }_,cy (g f (1) = Lyev(c) D(u) =
2W(G), and thus
W),

LEF(G Z| 1—

If further G is vertex-transitive, it is not dzﬁ‘tcult to see that for each vertex u € V(G), W(G) =
2D(u), and hence, ZW(G) = D(u). Thus

LEHG) = ém— D),

for avertex u € V(G).
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