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Abstract. It is well known that in the graph theory the adjacency matrix is an important
invariant [5]. Especially, the adjacency matrix is also very important in the theory of chemical
graphs, for example, in obtaining graph energy. In this paper, the general form of the adjacency
matrices of some hexagonal systems will be determined.
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1 Introduction

Suppose M is a molecule and X is the set of all atoms of M. Two members of X
are assumed to be adjacent, if there is a chemical bond between them. This gives us a
simple graph which is called the chemical graph of M. This simple graph is the main
object of chemical graph theory. A hexagonal system(benzenoid graph) H, is a finite
connected plane graph without cut vertices in which every interior region is bounded
by a regular hexagon. It is well known that benzenoid graphs possess very natural
chemical background.In particular, the skeleton of carbon atoms in a benzenoid hydro-
carbon is a benzenoid graph, [4]. For systems with a large number of atoms and with a
dense network of bonds, determining the topological invariants of chemical structures
in many cases provides a basis for understanding difficult theoretical problems. With
the knowledge of topological descriptors, a better qualitative understanding of differ-
ent molecular aspects in their chemistry and physics can be obtained [3]. An n × n
matrix A = [ai,j] is called symmetric if aij = aji and centrosymmetric when its entries

*Emial address: barzegar@tafreshu.ac.ir
Received 15 June 2023; Revised 7 July 2023; Accepted 20 August 2023
First Publish Date: 1 September 2023

©Shahid Rajaee Teacher Training University177

http://jdma.sru.ac.ir


Nekooei et al./ Journal of Discrete Mathematics and Its Applications 8 (2023) 177–185

satisfy aij = an−i+1,n−j+1 for 1 ≤ i, j ≤ n.
Let X be an n−vertex simple graph containing n vertices u1,u2, ...,un. The adjacency

matrix A(X) = [tij] is a matrix for which tii = 0, 1 ≤ i ≤ n, and tij = 1, i ̸= j, if and only
if ui and uj are adjacent. We use the famous book of Biggs [5] for important properties
of this matrix.

Determining the adjacency matrix in graph theory is always important. If this ma-
trix is available, the graphical parameters of a graph can be calculated, including the
characteristic polynomial, Wiener index, eigenvectors, etc. The authors have presented
an algorithm similar to this method to obtain the adjacency matrix of a set of hexagonal
systems. See [6] for more details. Our other notations are standard and our chemical
graphs are drawn with the aid of ChemDraw [2]. In this article, Chemdrow software
is usid to drow graphs [2], and matrices are written under the pattern presented in
this article using Mathematica software, [7]. Now by having the adjacency matrix and
reusing the mathematica software, it is possible to obtain invariants such as determi-
nant, permanent , energy, etc.

The purpose of this article is to provide a general method for determining the adja-
cency matrix of some hexagonal systems, where the adjacency matrix of six of them is
given here.

2 Adjacency matrices of Pr(2,n)

Figure 1. Pr(2,n);n = 20 + 8(k − 1);k = 1,2, . . . .

In [1] a set of regular 3- and 4-tier benzenoid strips was presented. The aim of
this section is to calculate the adjacency matrices of these benzenoid strips in general.
Suppose that An×n = [ai,j],1 ≤ i, j ≤ n, is the adjacency matrix of pr(2,n). To calculate
the adjacency matrix of pr(2,n), we have to determine all entries which are equal to
one. To determine the adjacency matrice, we will do as follows: consider the values
t as t = [n

8 ]− 2 and m = [n
8 ]− 1, where [x] denotes the integer part of x and gives the

largest integer less than or equal to x. We have shown the labeling in Figure 1 that the
(i, i + 1);1 ≤ i ≤ n − 1, i ̸= 12 + 8(k − 1);1 ≤ k ≤ m pairs of their value in the adjacency
matrice is equal to 1.

Pairs (18,25), (26,33), . . . whose components are arithmetic sequences with the first
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sentence 18 and the common difference of 8 and their second component are also form-
ing arithmetic sequences with the first sentence 25 and the common difference of 8,
whose value in the adjacency matrice is equal to 1, i.e pairs:

(18 + 8(k + 1),25 + 8(k − 1)), 1 ≤ k ≤ t.

In all pairs provided, the common difference is 8, which we have refused to repeat.
Pairs (15,24), (23,32), . . . , the first component of which is the formation of an arithmetic
sequence with the first sentence 15 and the second component, also form an arithmetic
sequence with the first sentence 24, whose value in the adjacency matrice is equal to 1,
i.e.

(15 + 8(k + 1),24 + 8(k − 1)), 1 ≤ k ≤ t.

Pairs (19,28), (27,36), . . . , the first component of which is the formation of an arithmetic
sequence with the first sentence 19 and the second component, also form an arithmetic
sequence with the first sentence 28, whose value in the adjacency matrice is equal to 1,
i.e.

(19 + 8(k + 1),28 + 8(k − 1)), 1 ≤ k ≤ t.

Pairs (21,30), (29,38), . . . , the first component of which is the formation of an arith-
metic sequence with the first sentence 21 and the second component, also form an
arithmetic sequence with the first sentence 30, whose value in the adjacency matrice is
equal to 1, i.e.

(21 + 8(k + 1),30 + 8(k − 1)), 1 ≤ k ≤ t.

Otherwise, we have (i, j) = 0.
In Table 1., some pairs for which the corresponding entries of the adjacency matrix

are one are given. Since only the upper (lower) ends (main diameter) are specified and
the adjacency matrice is symmetric, we replace the above matrice with A = A + At.

Table 1. Some entries whose values in the adjacency matrix are equal to 1.
(7,12) (5,17) (12,16) (11,13) (1,6) (4,7) (6,20)

A =



0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0
1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 1 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0 1 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0


.
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3 Adjacency matrices of M(3,n)

In this section we present the adjacency matrices of the class M(3,n) in general.

Figure 2. Parallelograms ,M(3,n),n = 22 + 8(k − 1);k = 1,2, . . . .

Let Bn×n = [ai,j],1 ≤ i, j ≤ n, be the adjacency matrix of M(3,n). We first present a
labeling of the graph which is important in our calculations.

To calculate the adjacency matrix of M(3,n), we have to determine all entries which
are equal to one. Define t = [n

8 ] − 2 and m = [n
8 ] − 1. If 1 ≤ k ≤ t then all entries

corresponding to the following four sets of ordered pairs are equal:

(19 + 8(k + 1),28 + 8(k − 1))
(17 + 8(k + 1),26 + 8(k − 1))
(16 + 8(k + 1),23 + 8(k − 1))
(21 + 8(k + 1),30 + 8(k − 1))

Furthermore, ai(i+1) = 1, for all integers i such that 1 ≤ i ≤ n − 1 and i ̸= 14 + 8(k −
1);1 ≤ k ≤ m. Since the adjacency matrix of a graph is symmetric and all entries on the
main diagonal is zero, our process completes our calculations for the adjacency matrix
of M(3,n). In Table 2., some pairs for which the corresponding entries of the adjacency
matrix is one are given. We have also written the matrix B22×22 as an example.

Table 2. Some entries whose values in the adjacency matrix are equal to 1.
(1,14) (4,13) (12,20) (6,11) (10,18) (9,15) (14,22)
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A =



0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0
0 0 0 1 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0



.

4 Adjacency matrices of ch(2,2,n)

This section is devoted to presenting the ch(2,2,n) adjacency matrix. Suppose that
Cn×n = [ai,j],1 ≤ i, j ≤ n, is the adjacency matrix of ch(2,2,n). To calculate the adjacency
matrix of ch(2,2,n), we have to determine all entries which are equal to one. Define
t = [n

8 ]− 2 and m = [n
8 ]− 1. For 1 ≤ k ≤ t, all entries corresponding to the following

four sets of ordered pairs are equal to one:

(20 + 8(k + 1),27 + 8(k − 1))
(17 + 8(k + 1),26 + 8(k − 1))
(16 + 8(k + 1),23 + 8(k − 1))
(21 + 8(k + 1),30 + 8(k − 1))

Figure 3. ch(2,2,n);n = 22 + 8(k − 1);k = 1,2, ... .

For all 1 ≤ i ≤ n − 1 such that i ̸= 14 + 8(k − 1);1 ≤ k ≤ m by the symmetry of
the adjacency matrix, we have ai(i+1) = a(i+1)i = 1, Some of the pairs for which the
corresponding entries of the adjacency matrix are one are given in Table 3.. We have
also written the matrix in . We have also written the matrix C24×24 as an example.
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Table 3. Some entries whose values in the adjacency matrix are equal to 1.
(1,14) (3,12) (6,11) (14,22) (13,19) (9,15) (10,18)

A =



0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0



.

5 Adjacency matrices of S(n)

Figure 4. S(n);n = 24 + 12(k − 1);k = 1,2, ... .

In this section, we will introduce the adjacency matrix of graph S(n) Bn×n = [ai,j],1≤
i, j ≤ n, First, we label the graph in such a way that a more suitable representation for
this matrix can be obtained.

We need to specify only the entries that are equal to one. Consider t = [ n
12 ]− 2 and

m = [ n
12 ] − 2. If 1 ≤ k ≤ t then all entries corresponding to the following five sets of

ordered pairs are equal:

(17 + 12(k − 1),26 + 12(k − 1))
(31 + 12(k − 1),36 + 12(k − 1))
(21 + 12(k − 1),36 + 12(k − 1))
(20 + 12(k − 1),25 + 12(k − 1))
(25 + 12(k − 1),30 + 12(k − 1)).

Also, ai(i+1) = a(i+1)i = 1, for all 1 ≤ i ≤ n− 1 and i ̸= 24+ 12(k − 1), i ̸= 14;1 ≤ k ≤ m.In
Table 4. some pairs for which the corresponding entries of the adjacency matrix are one
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are given.

Table 4. Some entries whose values in the adjacency matrix are equal to 1.
(1,14) (5,10) (4,13) (14,24) (12,18) (11,15) (19,24)

A =



0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 1 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 1 0 0 0 1 0



.

6 Adjacency matrices of Z(4,n)

Figure 5. Z(4,n);n = 28 + 10(k − 1);k = 1,2, ...

Suppose that Bn×n = [ai,j], 1 ≤ i, j ≤ n, is the adjacency matrix of Z(4,n). We first
present a labelling of the graph which is important in our calculations. To calculate the
adjacency matrix of Z(4,n), we have to determine all entries which are equal to one.
Define t = [ n

10 ]− 2 and m = [ n
10 ]− 2. If 1 ≤ k ≤ t then all entries corresponding to the

following five sets of ordered pairs are equal to one:

(26 + 10(k − 1),35 + 10(k − 1))
(23 + 10(k − 1),34 + 10(k − 1))
(22 + 10(k − 1),31 + 10(k − 1))
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(27 + 10(k − 1),38 + 10(k − 1))
(10 + 10(k),19 + 10(k)).

For the entries, ai(i+1), 1 ≤ i ≤ n − 1 and i ̸= 18 + 10(k − 1);1 ≤ k ≤ m. Since the adja-
cency matrix of a graph is symmetric, we have ai(i+1) = a(i+1)i = 1. In Table 5., some
pairs for which the corresponding entries of the adjacency matrix are one are given.

Table 5. Some entries whose values in the adjacency matrix are equal to 1.
(6,15) (7,12) (3,16) (1,18) (11,19) (17,25) (14,24) (13,21) (18,28)

A =



0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0
1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 1 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 1 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 1 0



.
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