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Abstract. Let G = (V,E), V = {v1,v,...,v,}, be a simple graph of order n and size m. Denote
by A=dy >dy>--->d, =9,d;=4d(v;), and A, = d(e1) > d(ez) > --- > d(em) = I, sequences of
vertex and edge degrees, respectively. The first reformulated Zagreb index (coindex) is defined as

m
EM;(G) = Zd(ei)z =) (d(e;) +d(ej)) (Wl(G) =) (d(e) + d(q))). We consider relationship
i=1 €i~€]‘ eio‘/ej
between reformulated Zagreb indices/coindices and determine their bounds in terms of some basic
graph parameters.
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1 Introduction

Let G = (V,E), where V = {v1,v;,...,v,} and E = {ey,ey,...,en} be a simple graph with
n vertices and m edges. Denote by A =dy >dy > --- >d, =6,d; =d(v;), and A, = d(eg) >
d(ey) > --- >d(em) = Je, sequences of vertex and edge degrees, respectively. If vertices v; and
v; (edges ¢; and ¢;) are adjacent, we denote it as i ~ j (e; ~ ¢;), otherwise we write i » j (i.e.
e; 6])

A line graph, L(G), of a graph G is the graph derived from G such that the edges in G are
replaced by vertices in L(G). Two vertices in L(G) are connected whenever the correspond-

*Corresponding author (Email address: igor@elfak.ni.ac.rs)
Received 27 April 2023; Revised 3 May 2023; Accepted 15 May 2023
First Publish Date: 1 June 2023

63 ©Shahid Rajaee Teacher Training University


http://jdma.sru.ac.ir
igor@elfak.ni.ac.rs

Milovanovié et al. / Journal of Discrete Mathematics and Its Applications 8 (2023) 6372

ing edges in G are adjacent. The number of vertices in L(G) is equal to the number of edges
in G, i.e. np = m, and number of edges (see, for example, [10,24]) is

1

1]

In graph theory, a graph invariant is property of the graph that is preserved by isomor-
phisms. The graph invariants that assume only numerical values are usually referred to as
topological indices in chemical graph theory. Topological indices are important tools used
to relate molecular structure with physicochemical characteristics of chemical compounds,
especially those relevant for their pharmacological, medical, toxicological, and similar prop-
erties.

The first Zagreb index, M;(G), is defined as the sum of the squares of the degrees of the
vertices [11]

n
Mi(G) =) _d;,
i=1
and the second Zagreb index as the sum of the product of the degrees of adjacent vertices [12]
M (G) =) _did;.
i~j
In [22] it was proven that the first Zagreb index satisfies the identity
My(G) = Y_(d; + ) 1)
i~j
It can be easily verified that the number of edges in a graph L(G) holds in

= 3M1(G) —m. @

More on the mathematical properties and chemical applications of the Zagreb indices can be
found in [1,4,5,13,14] and in the references cited therein.

The Zagreb indices can be reformulated in terms of the edges degree instead of the ver-
tices degree. The first and the second reformulated Zagreb indices, EM;(G) and EM(G),
are defined as [18]:

m
EMi(G) =Y _d(e)*= Y (d(e;) + d(e;)) and EM,(G) =Y d(e;)d(e)).
i=1 E,-Ne]' eiwe]-
The original and reformulated Zagreb indices are related as follows:
EMi(G) = Mi(L(G)) and EM,(G) = Mz(L(G)).

Therefore, one can compute the reformulated Zagreb indices of a graph G as the Zagreb
indices of the corresponding line graph L(G). More on these indices can be found in [8, 15,
19,25].
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The concept of coindices was introduced in [9] (see also [2]). In this case the sum runs over
the edges of the complement of G. In a view of (1), the corresponding first Zagreb coindex of
G is defined as

Ml(G) = Z(di + d]')/

invj

and the second Zagreb coindex as

Mz(G) = Zdzd]

ino]

Analogously, reformulated first and second Zagreb coindices, EM;(G) and EM;(G), are de-
fined as

3

EMy(G) = ) (d(er) +d(ej)) =} (m—1—d(e;))d(e:), (3)

61‘006]' 1

I
—

and

mz(G) = Z d(el)d(e]) (4)

EiOOEj

In the present paper we consider linear combinations between reformulated Zagreb in-
dices/coindices and determine their bounds in terms of some basic graph parameters.
2 Preliminaries

In this section we recall some results reported in the literature for EM;(G) and EM,(G)
that are of interest for our work.

In [15] the following relations between reformulated Zagreb indices and the first Zagreb
index was proven.

Lemma 2.1. [15] Let G be a simple graph with n vertices and m edges. Then
EMy(G) — EMa(G) < 2 Mi(G) — m, (5)
with equality if and only if G is a union of isolated vertices and paths P and Ps.

Lemma 2.2. [15] Let G be a simple graph with n vertices and m edges. Then

(M1(G) —2m)?

EM(G) > ,
2(6) 2 2m?

with equality if and only if L(G) is regular.

Let us note that the inequality (6) was independently proven in [8], but with wrong equal-
ity conditions. Also, in the same paper the following result was established.
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Lemma 2.3. [8] Let G be a simple graph with n vertices and m edges. Then

EM,(G) > (Ml(an_ 2m)”. %

with equality if and only if G is reqular.

Let us note that the equality condition in (7) is not correct. Namely, one can easily see that
equality (7) holds if and only if L(G) is regular graph. The inequality (7) was also proven
later in [23].

For the number of edges of a line graph L(G), we have the following result.

Lemma 2.4. Let G be a simple graph with m edges. Then
Lmée <my < Sma ®)
Em e XML > Em er
with equality if and only if L(G) is reqular.
Proof. For any edgee;, i =1,2,...,m,in a graph G we have
5. <d(e)) < A, 9)
i.e. for any two adjacent vertices v; and v; in G

After summing up the above inequality over all adjacent vertices v; and v; in G, we get

) 1<) (di+dj) —2) 1<Ac) 1,

i~vj i~j i~vj i~j
that is
mde < M1(G) —2m < mA,.

From the above and (2) we arrive at (8).
Equality (9) holds if and only if d(e;) = A, = J, for every i = 1,2,...,m. Therefore, equality
(8) holds if and only if L(G) is regular. O

3 Main results
In the next theorem we determine a relationship between the first and second reformu-
lated Zagreb indices.
Theorem 3.1. Let G be a simple graph with m > 2 edges. Then
8.EM;(G) — EM(G) < &;my, (10)

and
AEM;(G) — EM>(G) < A%my . (11)

Equality (10) holds if and only if for every pair of adjacent edges e; and e in G, holds that at least one
is of degree 6., whereas in (11) if and only if at least one in the pair is of degree A,.
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Proof. Foreveryiandj,1<i,j<m,

(d(e) = 8)(d(e) —6) 20 and (A —d(e))(Ae —d(ef) 20,
that is

d(ei)d(e) + 67 = de(d(e;) +d(e;)),

(12)
d(e;)d(ej) + A7 > Ae(d(e;) +d(e))).

After summation of the above inequalities over all pairs of adjacent edges ¢; and ¢; in G, we

obtain
Y d(e)d(e) +067 Y. 1>06. Y (d(e;) +dlej)),
ej~e; ej~e; ej~e;
and
Zd e;)d e] —|—A‘Z Z 1>A, Z(d(ei)+d(ej)),
EZNE E,'NEJ' El‘NE]'
that is

EM,(G) + 6>m; > 6, EM;(G) and

13
EM,(G) + A2mp > A.EM;(G), 13

from which we obtain the inequalities (10) and (11). inequality (10) holds if and only
if every pair of adjacent edges e; and ¢; in G, has at least one edge of degree J,. Similarly,
inequality (11) holds if and only if every pair of adjacent edges e; and ¢; in G, has at least one

edge of degree A,. O
Remark 1. The inequalities (10) and (11) are incomparable. Thus, for example, for a graph
with vertex degree sequence (di,dy,...,d,) = (g, 5.1, ), for even n, the inequality (10) is

stronger than (11). On the other hand, for the graph w1th Vertex degree sequence (dq,dy,...,dy) =
(n—1,2,...,2), where n is odd, the inequality (11) is stronger than (10).

Corollary 3.2. Let G be a connected graph with m > 2 edges. Then we have

2

6.EM;(G) — EM(G) < MA;(SC ,

and 3
A

AEM;(G) — EMy(G) < m2 e
Equalities hold if and only if L(G) is a regular graph.
Proof. Since

m5€ g sz S MAGI (14)

from the right hand part of inequality (14) and inequalities (10) and (11) we obtain the re-
quired result. O
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Remark 2. Since
d(ei) Z 56 Z 1/
from the first inequality (12) we have
d(e;)d(ej) +1>d(e;) +d(ej).

After summation of the above inequality over all pairs of adjacent edges ¢; and ¢; in G, we
obtain the inequality (5). Therefore inequality (10) is stronger than (5).

In the next theorem we determine a relationship between EM; and EM;(G).

Theorem 3.3. Let G be a connected graph with m > 2 edges. Then we have
m(m —1)6, < EM;(G) + EM;1(G) < m(m — 1)A,. (15)
Equality holds if and only if L(G) is reqular.

Proof. Since

NE

EMy(G) = ) (d(e:) +d(ej)) = }_(m—1—d(e:))d(e;) =

eje; i=1
m m
=(m—1)Y d(e;) — Y d(e;)* =2my(m — 1) — EM;(G),
i=1 i=1
we have that the following identity is valid
EM;(G) + EM;(G) =2my(m —1). (16)

From the above and equality (14) we arrive at wquality (15).
Equality in (15), and consequently in (14), holds if and only if L(G) is regular. O]

Theorem 3.4. Let G be a connected graph with m > 2 edges. Then we have

(17) Equality on the left hand side holds if and only if Gisregularordy = --- =d,,_1 = AT*‘S.

Equality on the right hand side holds if and only if d; € {A, ¢}, foralli, 1 <i <n.
Proof. The equality (16) can be considered as

EMi(G) + EMi(G) = (m — 1)(M;(G) — 2m). (18)
In [20] (see also [5,17]) it was proven that

4m*> 1 9
>0 4 2N —
M;i(G) > . + Z(A 5)°,
with equality holding if and only if G is either regular or dy = --- = d,,_; = 3. From the
above and identity (18) we obtain the left hand side of inequality (3.4).
In [6] it was proven that

M (G) <2m(A+95) — niéd,

with equality holding if and only if d; € {A,6}, for all i, 1 <i < n. So the proof is com-
pleted. O
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Since (A — 6)? > 0, we obtain the following result.
Corollary 3.5. Let G be a connected graph with n > 3 vertices and m edges. Then we have

EM,(G) + EMy (G) > 2m(m—1n)(2m—n).

Equality holds if and only if G is reqular.

In the next theorem we establish relationship between EM; (G) and the first Zagreb index,
M;(G).

Theorem 3.6. Let G be a connected graph with m > 2 edges. Then we have
EM;(G) > (m—1— A, —8:)(M1(G) — 2m) + mAb,. (19)
Equality holds if d(e;) € {Ae, ¢}, foralli, 1 <i <m.
Proof. Foreveryi,i=1,2,...,m, the following inequality is valid
(d(ei) = 6¢)(Ae —d(e;)) 20, (20)

that is
.,m

After summation of the above inequality overi,i =1,2,...,m, we obtain

M

I
—_

m
i=1

i d(ei) ,
=1

1 1

that is

From the above inequality and identity (18) we arrive at (19).
Equality in (20), and therefore in (19), holds if and only if d(e;) € {A.,0¢}, for all i, i =
1,2,...,m.
]

Denote by 711 the number of nonadjacent edges in L(G). Then the following identity is

valid 1 1
@ —my = 5 (m(m+1) = My (G)).

The proof of the next theorem is analogous to that of Theorem 3.1, hence omitted. The
following theorem reveals a relationship between reformulated Zagreb coindices.

mp =

Theorem 3.7. Let G be a connected graph with m > 2 edges. Then we have
6.EM,(G) — EM,(G) < 6%y .

and o o
AEM;(G) — EM,(G) < A%,

Equality in the first inequality holds if and only if for every pair of nonadjacent edges e; and e;j in G,
holds that at least one is of degree 6,, whereas in the second one if and only if at least one edge in each
pair of nonadjacent edges is of degree A,.
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In the next theorem we determine a relationship between the first and second reformu-
lated Zagreb indices.

Theorem 3.8. Let G be a connected graph with m > 2 edges. Then we have
(Ae 4 0¢)EM1(G) —2EM3(G) > 2A,0.my.. (21)
Equality holds if and only if L(G) is reqular.
Proof. For everyiand j, 1 <i,j < m, the following inequality is valid
(d(ei) = de)(Be —d(ej)) 2 0,

that is
d(ez)d(e]) < Aed(ei) + 53[1(6]‘) — 53Ae. (22)

Also, foreveryiand j,1<1i,j<m
(A —d(ei))(d(ej) = d.) >0,

that is
d(e,)d(e]) < 5ed(ei) + Aed(Ej) — A¢e - (23)

The sum of (22) and (23) yields
2d(e;)d(ej) < (Ae+0e)(d(e;) +d(ej)) — 240,

After summation of the above inequality over all pairs of adjacent edges ¢; and ¢; in G, we

obtain
2)  d(e;)d( Ae+6.) Y (d(e) +d(e)) —Aede Y 2,

ej~e; ej~e; ej~e;

that is
2EM(G) < (Ae + 6.)EM1(G) — 2Acemy .

In both (22) and (23) equality holds if and only if A, = d(e;) = d(ej) = J, which implies
that equality (21) holds if and only if L(G) is regular. O

Corollary 3.9. Let G be a connected graph with m > 2 edges. Then we have
EM(G) < Ae(EM1(G) — demy).
Equality holds if and only if L(G) is reqular.
Proof. Since 6, < A,, from (22) we have
d(e)d(e;) < Ae(d(e;) +d(ej) —de).

After summation of the above inequality over all pairs of adjacent edges ¢; and ¢; in G, we
obtain the required result. O
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Corollary 3.10. Let G be a connected graph with m > 2 edges. Then we have

: (24)

Ae + 8.)?EM;(G)?
EMa(G) < s i (G) — 2m)

Equality holds if and only if L(G) is reqular.
Proof. According to inequality (21) we have that

By the arithmetic—geometric mean inequality (see e.g. [21]) we have

(Ae + 8 EMy (G) > 2/2A:8.EMa(G) (M3 (G) — 2m),

from which we arrive at (24).

Similarly as in the case of Theorem 3.8 the following result can be proven.

Theorem 3.11. Let G be a connected graph with m > 2 edges. Then we have
(Ae + 5e)m1(G) - ZWZ(G) > 2A65rsz .

Equality holds if and only if L(G) is either a reqular graph or L(G) = Ps.
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