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Background and Objectives: One of the quantum computing models without a 
direct classical counterpart is one-way quantum computing (1WQC). The 
computations are represented by measurement patterns in this model. One of the 
main downsides of the 1WQC model is the much larger number of qubits in a 
measurement pattern, compared to its equivalent in the circuit model. Therefore, 
proposing a method for optimally using the physical qubits to implement a 
measurement pattern is of interest, 
Methods: In a measurement pattern, despite a large number of qubits, the 
measured qubit is not needed after each measurement and can be used as another 
logical qubit. In this study, by using this feature and presenting an integer linear 
programming (ILP) model to change the ordering of a standard measurement 
pattern actions, the number of physical qubits required to implement that 
measurement pattern is minimized.  
Results: In the proposed method, compared to the scheduling based on the 
standard pattern, the number of required physical qubits on benchmark circuits is 
reduced by 56.7% on average. Although the proposed method produces the 
optimal solution, one of the most important limitations of that and ILP-based 
methods, in general, is their high execution time and memory requirements, which 
grow exponentially with the increase of the problem size.  
Conclusions: In this study, an ILP model is proposed to minimize the number of 
physical qubits used to realize a measurement pattern by efficiently scheduling 
the operations and reusing the physical qubits.  Due to its exponential complexity, 
the proposed method cannot be used for large measurement patterns whose 
solution can be conspired as future works. 
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Introduction 
Quantum computing is a branch of information 

processing, which is a combination of three sciences, 

namely, computer science, information theory, and 

quantum physics [1]. This science is of great interest due 

to reaching the end of CMOS technology advancement, its 

high computing power, and also the significant role it 

plays in the secure transmission of information [1]-[3]. 

The most famous model of quantum computing is the 

quantum circuit model which is an analogy to the 

common classical computation model composed of a 

network of logic gates [1], [4]. One-way quantum 

computing model (1WQC), first proposed by Raussendorf 

and Briegel in 2001 [5], is a practically and conceptually 

different alternative model [5], [6]. This model utilizes 

unique features of quantum mechanics such as 

entanglement and measurement and hence it has no 

classical analogue.  In this model, qubits are initialized in 
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a special highly entangled resource state (namely a cluster 

or graph state), and the universal quantum computation 

is driven by performing a sequence of single-qubit 

measurements in certain basis and post-measurement 

corrections. Calculations in 1WQC are shown in the form 

of measurement patterns consisting of four types of 

instructions: qubits preparation (N), entanglement (E), 

measurement (M) and correction (C) [7], [8].  

1WQC is one of the measurement-based quantum 

computing models (MBQC) which is promising for 

physical implementation and has attracted the attention 

of researchers [9]-[11]. Despite the advantages that this 

model has [12], [13], one of the main down sides of that 

is the much larger number of qubits in a measurement 

pattern, compared to its equivalent in the circuit model. 

On the other hand, one of the limitations of physical 

construction, especially in ion-trap technology, is the 

number of available physical qubits. Therefore, 1WQC will 

be hard to realize due to its large number of required 

qubits [9]. 

Despite the large number of qubits in a measurement 

pattern, there is no need to construct the whole graph 

state at the beginning and it is possible to extend it on the 

fly by reordering the measurement pattern [14]-[16]. 

Furthermore, after measuring a logical qubit, there is no 

more required action on it and it can be removed from 

the computation space. The measured physical qubit can 

also be reused as another logical qubit to extend the 

graph state on the fly if there is not a limitation in 

underlying technology. As a result, by a proper reordering 

the actions of a pattern, it is possible to minimize the 

number of required physical qubits to realize a 1WQC 

measurement pattern. Now, a question is remained to 

answer: what is the best order of a measurement pattern 

that minimizes the number of necessary physical qubits 

and which physical qubit is allocated to a logical qubit? 

Focusing on this issue, in this paper an integer-linear 

programing (ILP) model is proposed to schedule a 

measurement pattern targeting to minimize the number 

of required physical qubits. 

The rest of this study is organized as follows. Section 2 

covers basic concepts related to the 1WQC model. 

Related work is reviewed in Section 3. The proposed 

approach is described in Section 4. In Section 5, the 

proposed method is evaluated by some measurement 

patterns and finally Section 6 concludes the paper. 

Background 

Computations in the 1WQC model are shown by a 

measurement pattern which is defined by the set 𝑃 =

(𝑉‚ 𝐼‚ 𝑂‚ 𝐴) [7], [8]. 𝑉 is the set of all qubits, 𝐼 ⊆  𝑉 is the 

set of input qubits, 𝑂 ⊆ 𝑉 is the set of output qubits, and 

𝐴 is the set of actions that act on 𝑉. The pattern is written 

as a sequence of actions that includes four different 

types: preparing qubits (N), entanglement (E), 

measurement (M) and correction (C) that are applied 

from right to left as determined in the following. 

• Qubit Preparation Nu: prepares a qubit u in the state 

|+〉 =
1

√2
(|0〉 + |1〉). Normally this action is applied to 

all of the non-input qubits. 

• Entanglement action E(u,v): entangles the qubits u 

and v by applying CZ gate on them. To visualize a 

pattern, qubits can be shown by vertices of a graph, 

namely entanglement graph, where the entanglement 

between the qubits is represented by the edges of the 

graph. 

• Single-qubit measurement 𝑴𝒖
𝜶: measures the qubit u 

in the orthonormal basis of: 

     | ± 𝛼〉 =
1

√2
(|0〉 + 𝑒𝑖𝛼|1〉)            (1) 

where, 𝛼 ∈ [0‚ 2𝜋] is the measurement angle. 

Normally all of the non-output qubits will be 

measured. The measurement result applied to a qubit 

u is denoted by 𝑠𝑢 ∈ ℤ2. If u collapses into the |+𝛼〉 

after the measurement, then 𝑠𝑢 = 1 and otherwise if 

it collapses into the |−𝛼〉, then 𝑠𝑢 = 0. The 

measurement outcomes can be summed module 2 to 

generate a signal. In general, a measurement angle 

may depend on the other ones through two signals s 

and t as: 

[𝑀𝑢
𝛼]𝑠 = 𝑀𝑢

(−1)𝑠𝛼+𝑡𝜋
 

          𝑡                       (2) 

A measurement that depends on the signals s and t 

can be done if all the measurement results appeared in 

s and t are known. That means all those measurements 

must be done beforehand. 

• Pauli correction 𝑿𝒖
𝒔  and 𝒁𝒖

𝒔 : apply the Pauli X and Z 

gates on the qubit u, respectively, if s=1 and do nothing 

if s=0. 

A pattern is called a standard pattern, if the order of 

actions appeared in it is preparation, entanglement, 

measurement, and finally corrections, respectively [7]. In 

a 1WQC pattern, a qubit can be removed from the 

computation space only after measuring it [15], [16]. 

Therefore, if all preparation and entanglement operations 

are performed first, as in a standard pattern, it is 

necessary to allocate a physical qubit for each qubit of the 

pattern. This means that the number of physical qubits 

required to implement a standard pattern will be equal to 

the number of qubits of that pattern. 

Definition 1 [7]: An open graph (G, I, O) has flow if and 

only if there exists a map 𝑓: 𝑂𝑐 → 𝐼𝑐  and a strict partial 

order ≺𝑓over 𝑉 

such that all of the following conditions hold for all 
𝑖 ∈ 𝑂𝑐  
• 𝑖 ≺𝑓 𝑓(𝑖) 

• if 𝑗 ∈ 𝑁(𝑓(𝑖)), then 𝑗 = 𝑖 or 𝑖 ≺𝑓 𝑗, where 𝑁(𝑣) 

contains adjacent vertices of 𝑣 in 𝐺 
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• 𝑖 ∈ 𝑁(𝑓(𝑖)) 

In this case, (𝑓‚ ≺𝑓) is called a flow on (G, I, O). 

Definition 2 [8]: An open graph (G, I, O) has generalized 

flow (gflow) if and only if there exists a map 𝑔: 𝑂𝑐 → 𝑃𝐼𝑐
 

(the set of all subsets of vertices in 𝐼𝑐) and a strict partial 

order ≺𝑔 over 𝑉 such that all of the following conditions 

hold for all  𝑖 ∈ 𝑂𝑐 . 

• if 𝑗 ∈ 𝑔(𝑖) then 𝑖 ≺𝑔 𝑗, 

• if 𝑗 ∈ 𝑂𝑑𝑑(𝑔(𝑖)), then 𝑗 = 𝑖 or 𝑖 ≺𝑔 𝑗, where 

𝑂𝑑𝑑(𝐾) = {𝑘||𝑁(𝑘) ∩ 𝐾| = 1 𝑚𝑜𝑑 2}, 

• 𝑖 ∈ 𝑂𝑑𝑑(𝑔(𝑖)). 

In this case, (𝑔‚ ≺𝑔) is called a gflow on (G, I, O). 

Related Work 

The unique features of the 1WQC model has drawn the 

researchers’ attention in many studies after its first 

proposal in 2001. A number of studies have focused on 

the fast simulate of the 1WQC model on the classic 

computers [16], [17]. 

One of the important applications of the 1WQC model 

is blind quantum computation [18]-[20]. Blind quantum 

computation allows a client with limited quantum 

capabilities to delegate his computational problem 

to a remote quantum server such that the client's 

input, output, and algorithm are kept private from 

the server. 
Most of physical design and scheduling work done in 

quantum computing has been focused on the quantum 

circuit model [21]-[28]. While, there is only a few 

researches focused on the physical design of 1WQC [29]-

[32]. The studies done in the 1WQC model assume all 

preparations and entanglements are first done and after 

that computation is pursued by only single-qubit 

measurements and post-measurement corrections, as in 

the standard pattern. For example, [33] proposed a 
design flow to directly map a 1WQC pattern to a 2D 

nearest-neighbor architecture, without trying to reduce 

the number of physical qubits. 

The most related work to our study is the work done in 

[15]. In that study, the minimal number of physical qubits 

that must be present in a system to directly implement a 

given measurement pattern has theoretically been 

proven. It hast been shown that to realize a measurement 

pattern 𝑃 = (𝑉‚ 𝐼‚ 𝑂‚ 𝐴) with flow [7], the minimum 

number of physical qubits is 𝑚𝑖𝑛(|𝑂| + 1‚ |𝑉|), while for 

measurement patterns with only gflow1 [8], the number 

of needed qubits may be as high as |𝑉| − 2. However, 

that approach does not provide a practical way to reach 

this minimal number of the physical qubits which is the 

main concern of this study. 

 

                                                           
1 Generalized flow 

Proposed Approach 

In a standard pattern, all preparation operations 

followed by entanglement are performed first. Therefore, 

the number of physical qubits needed to realize a 

standard pattern is equal to the number of total qubits of 

the pattern, i.e., |𝑉|. However, it is possible to reorder the 

operations of the pattern to minimize the required 

number of physical qubits [15]. Indeed, we can extent the 

graph state on the fly by reusing a physical qubit after 

measuring it as another logical qubit. The problem of 

finding the best order of operations that minimizes the 

number of required physical qubits is the subject of this 

paper. To do so, an ILP model is proposed to schedule a 

measurement pattern in such a way that it minimizes the 

needed physical qubits by maximizing qubit reusing. Our 

approach works for all of the patterns with flow or only 

gflow. 

Theorem 1 [14]: In a measurement pattern, a qubit u can 

be measured if its dependencies to the other 

measurement have been resolved and also its 

entanglements with its neighbor qubits have been 

applied. 

Therefore, based on this theorem, one can select a 

logical qubit u from the list of qubits with resolved 

dependencies for measurement. Then, one can allocate 

physical qubits to it and its neighbor qubits and perform 

the entanglements between them. After that, the qubit u 

is measured. Finally, the allocated physical qubit to u is 

released and can be reused as another logical qubit. 

To illustrate the method, an example is provided. Fig. 

1 shows the entanglement graph of the SWAP gate. Each 

node represents a qubit and each edge is an 

entanglement operation between the corresponding 

qubits. {𝑞1‚ 𝑞2} and {𝑞6‚ 𝑞8} are the input and output 

qubits, respectively. We suppose that the input qubits 

already exist i.e., physical qubits with proper states have 

been allocated to them beforehand or may feed into the 

circuit from outside. All of the non-output qubits must be 

measured and, in this case, there is no dependency 

between them. Therefore, in the first step all non-output 

qubits are candidates to be chosen for measurement. 

Intuitively, input qubits are the best choices for the 

measurement in the first step, as they already exist. 

 

 
 

Fig. 1: Graph state of SWAP gate. 
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Table 1 shows the best order of measurements that 

reduces the number of physical qubits from 8 to 3 in 

comparison with the standard pattern. In this table, 

logical and physical qubits are denoted by 𝑙𝑞 and 𝑝𝑞 

respectively and (𝑙𝑞: 𝑝𝑞) means that a physical qubit 𝑝𝑞 

is assigned to a logical qubit 𝑙𝑞. 

0) Physical qubits are allocated to input qubits. 

1) 𝑙𝑞2 is selected for measurement. Therefore, the 

entanglement between 𝑙𝑞2 and its neighbors, i.e. 𝑙𝑞3, 

must be performed before measuring 𝑙𝑞2. As there is 

no physical qubit allocated to 𝑙𝑞3 and there is no free 

physical qubit, we need a new one, i.e. 𝑝𝑞3 to be 

allocated to 𝑙𝑞3.  Now we are ready to perform 

𝐸(𝑙𝑞2‚ 𝑙𝑞3) and then measure 𝑙𝑞2. After measuring 

𝑙𝑞2, 𝑝𝑞2 is released and can be reused as another 

logical qubit. 

2) 𝑙𝑞3 is chosen for measurement. So, 𝐸(𝑙𝑞3‚ 𝑙𝑞1) and 

𝐸(𝑙𝑞3‚ 𝑙𝑞4) must be done first. To perform 𝐸(𝑙𝑞3‚ 𝑙𝑞4) 

it is needed to allocate a physical qubit to 𝑙𝑞4. To do 

so, 𝑝𝑞2 (that was released in the previous step) is used, 

i.e. (𝑙𝑞4: 𝑝𝑞2). After that, 𝑙𝑞3 is measured and its 

corresponding physical qubit, i.e. 𝑝𝑞3, is released. 

3) to 6) This process will be continued until all of the 

measurements are performed using only three 

physical qubits 𝑝𝑞1, 𝑝𝑞2 and 𝑝𝑞3. 

7) Finally, the output qubits are 𝑙𝑞6 and 𝑙𝑞8 

corresponding to 𝑝𝑞2 and 𝑝𝑞3, respectively. 

 
Table 1: an example of optimal solution for scheduling of SWAP pattern 

step Measurement order Qubit allocation (Logical Qubit: Physical Qubit)  

0 - {(lq1:pq1)‚ (lq2:pq2)‚ (lq3:-)‚ (lq4:-)‚ (lq5:-)‚ (lq6:-)‚ (lq7:-)‚ (lq8:-)} 

1 lq2 {(lq1:pq1)‚ (;q2:pq2)‚ (lq3:pq3)‚ (lq4:-)‚ (lq5:-)‚ (lq6:-)‚ (lq7:-)‚ (lq8:-)} 

2 lq3 {(lq1:pq1)‚ (lq3:pq3)‚ (lq4:pq2)‚ (lq5:-)‚ (lq6:-)‚ (lq7:-)‚ (lq8:-)} 

3 lq1 {(lq1:pq1)‚ (lq4:pq2)‚ (lq5:pq3)‚ (lq6:-)‚ (lq7:-)‚ (lq8:-)} 

4 lq4 {(lq4:pq2)‚ (lq5:pq3)‚ (lq6:-)‚ (lq7:1)‚ (lq8:-)} 

5 lq5 {(lq5:pq3)‚ (lq6:pq2)‚ (lq7:pq1)‚ (lq8:-)} 

6 lq7 {(lq6:pq2)‚ (lq7:pq1)‚ (lq8:pq3)} 

7 - {(lq6:pq2)‚ (lq8:pq3)} 

 

Note that there is no dependent measurement in the 

SWAP pattern. In general case with dependent 

measurement, a qubit can be selected for measurement 

only if its dependencies have been resolved. 

A.  ILP Model 

In this section, an ILP model is proposed to schedule a 

measurement pattern 𝑃 = (𝑉‚ 𝐼‚ 𝑂‚ 𝐴) targeting to 

minimize the number of required physical qubits to 

realize that pattern. 

    I)  Parameters 

𝒍𝒒 ∈ ℕ: an index to identify a logical qubit 

𝒑𝒒 ∈ ℕ: an index to identify a physical qubit 

𝑵 ∈ ℕ: the number of non-output qubits of the 

pattern P, i.e. |𝑉| − |𝑂| 

𝑬(𝒍𝒒): the set of neighbor qubits of 𝑙𝑞 along with 𝑙𝑞 

itself 

𝑫(𝒍𝒒): the set of 𝑙𝑞 dependencies, i.e. the set of qubits 

on which the measurement of 𝑙𝑞 depends 

    II)  Variables 

𝐓𝐀(𝐥𝐪) ∈ ℕ: the time (step) that a physical qubit is 

allocated to the logical qubit 𝑙𝑞 

𝐓𝐌(𝐥𝐪) ∈ ℕ: the time (step) of measuring the logical 

qubit 𝑙𝑞 

𝒖(𝒑𝒒) ∈ ℤ𝟐: a binary variable to determine whether 

the physical qubit 𝑝𝑞 is used or not, defined as (3): 

      (𝑝𝑞) = {
1      𝑖𝑓 𝑝ℎ𝑦𝑠𝑖𝑐𝑎𝑙 𝑞𝑢𝑏𝑖𝑡 𝑝𝑞 𝑖𝑠 𝑢𝑠𝑒𝑑
0                              𝑜. 𝑤.                       

             (3) 

𝒙(𝒍𝒒‚𝒕) ∈ ℤ𝟐: a binary variable to determine whether 

qubit 𝑙𝑞 is measured at time t or not, shown in (4): 

𝑥(𝑙𝑞‚𝑡) = {
1      𝑖𝑓 𝑙𝑞 𝑖𝑠 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 𝑖𝑛 𝑡𝑖𝑚𝑒 𝑡
0                                        𝑜. 𝑤.          

            (4) 

𝒚(𝒍𝒒‚𝒑𝒒) ∈ ℤ𝟐: a binary variable to determine 

whether the physical qubit 𝑝𝑞 is assigned to the logical 

qubit 𝑙𝑞 or not, provided by (5): 

𝑦(𝑙𝑞‚𝑝𝑞) = {
1        𝑖𝑓 𝑝𝑞 𝑖𝑠 𝑎𝑙𝑙𝑜𝑐𝑎𝑡𝑒𝑑 𝑡𝑜 𝑙𝑞
0                               𝑜. 𝑤.             

         (5) 

𝒛(𝒍𝒒‚𝒕) ∈ ℤ𝟐: a binary variable to determine whether 

at time t a physical qubit is assigned to the logical qubit 

𝑙𝑞 but has not yet been measured or not: 

𝑧(𝑙𝑞‚𝑡) = {
1          𝑇𝐴(𝑙𝑞) ≤ 𝑡 ≤ 𝑇𝑀(𝑙𝑞)
0                            𝑜. 𝑤.               

                    (6) 

To set this variable, two auxiliary variables are defined 

as follows, where 𝑧(𝑙𝑞‚ 𝑡) will be equal to their logical 

AND operation: 

𝒛𝟏(𝒍𝒒‚𝒕) ∈ ℤ𝟐: a binary variable to determine whether 

the logical qubit 𝑙𝑞 is measured after time t or not, 

defined as (7): 
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𝑧1(𝑙𝑞‚𝑡) = {
1          𝑡 ≤ 𝑇𝑀(𝑙𝑞)
0                   𝑜. 𝑤.    

                                    (7) 

𝒛𝟐(𝒍𝒒‚𝒕) ∈ ℤ𝟐: a binary variable to determine whether 

a physical qubit as allocated to the logical qubit 𝑙𝑞 

before time 𝑡 or not, shown in (8): 

𝑧2(𝑙𝑞‚𝑡) = {
1             𝑇𝐴(𝑙𝑞) ≤ 𝑡
0                     𝑜. 𝑤.     

      (8) 

    III)  Objective Function 

The objective function is minimizing the number of 

used physical qubits, as provided by (9): 

𝑚𝑖𝑛 ∑ 𝑢(𝑝𝑞)𝑝𝑞         (9) 

    IV)  Constraints 

1) If a physical qubit 𝑝𝑞 is assigned to any logical qubit, 

that physical qubit must exist: 

𝑦(𝑙𝑞‚𝑝𝑞) ≤ 𝑢(𝑝𝑞)            ∀𝑙𝑞‚ ∀𝑝𝑞        (10) 

2) Each logical qubit is selected and measured only 

once: 

∑ 𝑥(𝑙𝑞‚ 𝑡)𝑁
𝑡=1 = 1       ∀ 𝑙𝑞\𝑂      (11) 

3) Only one logical qubit can be selected at any time 

for measurement: 

∑ 𝑥(𝑙𝑞‚𝑡)𝑙𝑞 = 1       ∀𝑡         (12) 

4) Exactly one physical qubit must be allocated to each 

logical qubit: 

∑ 𝑦(𝑙𝑞‚ 𝑝𝑞)𝑝𝑞 = 1        ∀𝑙𝑞    (13) 

5) Calculating the measurement time of a logical qubit: 

𝑇𝑀(𝑙𝑞) = ∑ 𝑡 ∗ 𝑥(𝑙𝑞‚ 𝑡)𝑁
𝑡=1       (14) 

6) If a logical qubit 𝑙𝑞 is measured after time t, 

𝑧1(𝑙𝑞‚ 𝑡) must be set: 

𝑇𝑀(𝑙𝑞) − 𝑡 < 𝑧1(𝑙𝑞‚ 𝑡) ∗ 𝐵𝑖𝑔𝑀    (15) 

7) If a physical qubit is assigned to the logical qubit 𝑙𝑞 

before time t, 𝑧2(𝑙𝑞‚ 𝑡) must be set: 

𝑡 − 𝑇𝐴(𝑙𝑞) < 𝑧2(𝑙𝑞‚ 𝑡) ∗ 𝐵𝑖𝑔𝑀    (16) 

8) Before measuring a logical qubit 𝑙𝑞, physical qubits 

must be assigned to it and its neighbors: 

𝑇𝑀(𝑙𝑞) ≥ 𝑇𝐴(𝑙𝑞′)        ∀𝑙𝑞 𝑎𝑛𝑑  ∀𝑙𝑞′𝜖 𝐸(𝑙𝑞)   (17) 

9) Determining whether at time t the physical qubit is 

assigned to the logical qubit 𝑙𝑞 or not: 

𝑧(𝑙𝑞‚𝑡) = 𝑧1(𝑙𝑞‚𝑡) ⋀ 𝑧2(𝑙𝑞‚𝑡)        (18) 

10)  In each time, a physical qubit can be assigned to at 

most one logical qubit: 

∑ 𝑦(𝑙𝑞‚𝑝𝑞) ∧ 𝑧(𝑙𝑞‚𝑡)𝑙𝑞 ≤ 1             ∀𝑝𝑞‚    ∀𝑡     (19) 

11)  A logical qubit 𝑙𝑞 can be selected for measurement 

if and only if its dependencies have been resolved: 

𝑇𝑀(𝑙𝑞) > 𝑇𝑀(𝑙𝑞′)         ∀𝑙𝑞  𝑎𝑛𝑑  ∀𝑙𝑞′𝜖𝐷(𝑙𝑞)  (20) 

There is an implementation note in this model: the 

maximum and the minimum number of physical qubits 

needed to realize a pattern 𝑃 = (𝑉‚ 𝐼‚ 𝑂‚ 𝐴) is equal to 

|𝑉|, and |𝑂| + 1 [15], respectively. One can assume that 

the number of available physical qubits is equal to |𝑉| and 

finally the solution determines whether they are used or 

not. However, the only metric that is minimized in the 

objective function (9) is the number of used physical 

qubits and it is not important that which of them are used. 

This feature causes a large number of optimal solutions, 

which enlarges the solution space and reduces the 

convergence speed of the model. Indeed, any 

composition of the minimum required qubits from |𝑉| is 

a candidate solution. To limit the solution space, one can 

set the number of available physical qubits to |𝑂| + 1 and 

increase it one by one until an optimal solution is found. 

As an example, the optimal solution of the proposed 

ILP model for SWAP pattern is shown in Table 2. 
 

Table 2: ILP result for SWAP pattern  
 

Parameter Value 

N 6 

lq {1,2,3, …, 8} 

pq {1,2,3, …, 8} 

E(lq) 

E[1]={1, 3, 5},     E[2]={2, 3} 

E[3]={1, 2, 3, 4}, E[4]={3, 4, 5, 7} 

E[5]={1, 4, 5, 6}, E[6]={5, 6, 7} 

E[7]={4, 6, 7, 8}, E[8]={7, 8} 

D(lq) D[1], D[2], …, D[8] = {} 

Variable Value 

TA(lq) 
TA[1]=1, TA[2]=1, TA[3]=1, TA[4]=2, 

TA[5]=3, TA[6]=5, TA[7]=1, TA[8]=6 

TM(lq) 
TM[1]=3, TM[2]=1, TM[3]=2, 

TM[4]=4, TM[5]=5, TM[7]=6 

u(pq) u[1], u[2], u[3] 

x(lq, t) x[1,3], x[2,1], x[3,2], x[4,4], x[5,5], x[7,6] 

y(lq,t) 
y[1,3], y[2,1], y[3,2], y[4,1], 

y[5,2], y[6,1], y[7,3], y[8,2] 

z(lq, t) 

z[1,1], z[1,2], z[1,3], z[2,1], z[3,1], z[3,2], z[4,2], 

z[4,3], z[4,4], z[5,3], z[5,4], z[5,5], z[6,5], z[6,6], 

z[7,4], z[7,5], z[7,6], z[8,6] 

z1(lq, t) 

z1[1,1], z1[1,2], z1[1,3], z1[2,1], z1[3,1], z1[3,2], 

z1[4,1], z1[4,2], z1[4,3], z1[4,4], z1[5,1], z1[5,2], 

z1[5,3], z1[5,4], z1[5,5], z1[6,1], z1[6,2], z1[6,3], 

z1[6,4], z1[6,5], z1[6,6], z1[7,1], z1[7,2], z1[7,3], 

z1[7,4], z1[7,5], z1[7,6], z1[8,1], z1[8,2], z1[8,3], 

z1[8,4], z1[8,5], z1[8,6] 

z2(lq, t) 

z2[1,1], z2[1,2], z2[1,3], z2[1,4], z2[1,5], z2[1,6], 

z2[2,1], z2[2,2], z2[2,3], z2[2,4], z2[2,5], z2[2,6], 

z2[3,1], z2[3,2], z2[3,3], z2[3,4], z2[3,5], z2[3,6], 

z2[4,2], z2[4,3], z2[4,4], z2[4,5], z2[4,6], z2[5,3], 

z2[5,4], z2[5,5], z2[5,6], z2[6,5], z2[6,6], z2[7,4], 

z2[7,5], z2[7,6], z2[8,6] 

Objective 

Function 
Value 

min ∑ 𝑢[𝑝𝑞]

𝑝𝑞

 3 
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Indeed, ILP solver has found the values of variables 

based on the input model and parameters in such a way 

that it minimizes the objective function, while it satisfies 

constraints. One can simply verify the result using the 

information of this table. Note that, for the binary 

variables, only variables with a value of the unity are 

shown. 

Results and Discussion 

The proposed model was implemented using SCIP 

solver [33] and was run on a Core-i7 CPU operating at 2.4 

GHz with 8 GB of memory. To evaluate the model, we 

applied it to some benchmark circuits form [16], [34],  

[35]. To generate the equivalent measurement patterns 

of the benchmark circuit, they were decomposed into CZ 

and J(𝑎) gates. Then, the approach presented in [36], [37] 

was applied in order to produce the corresponding 

pattern. The optimizations which include standardization, 

signal shifting and Pauli simplifications [36] were also 

performed on the patterns. 

The runtime of the proposed method as well as the 

obtained optimal solutions are given in Table 3. As this 

table shows, the number of the required qubits in the 

proposed approach (|O|+1) is the same as the 

theoretically proven minimal number of qubits in [16]. It 

should be recalled that the number of used physical 

qubits in a standard model is equal to |𝑉|. Based on the 

obtained results, our approach (which find the optimal 

solution) reduces the number of physical qubits by 56.7% 

on average. 

As shown in Table 3, for small patterns with less than 

14 qubits, the model obtains the answer in a few seconds. 

However, with the increase in the pattern size, the run 

time grew exponentially and took more than 6 hours for 

GHZ_23 with 45 qubits. For larger patterns, e.g. GHZ_25, 

ILP solver was unable to find the answer for up to 12 

hours.  

Conclusion 

1WQC is one of the measurement-based quantum 

computing models that presents a different approach to 

build quantum computers and is one of the most 

promising models for physical realization. However, the 

number of qubits in a 1WQC measurement pattern is 

much more than its number in the equivalent circuit 

model, and this issue makes this model hard to 

implement. 

In this study, an ILP model is proposed to minimize the 

number of used physical qubits to realize a measurement 

pattern by efficiently scheduling the operations and 

reusing the physical qubits. The proposed method is able 

to find the optimal solution for both patterns with flow or 

only gflow. 

Although the proposed method produces the optimal 

solution, one of the most important limitations of the 

proposed method and ILP-based methods in general is 

their high execution time and memory requirements, 

which grows exponentially with the increase of the 

problem size. For this reason, the proposed method 

cannot be used for large measurement patterns. 

Providing a suitable heuristic method to solve this 

problem will be pursued as future works. 

 
Table 3: The runtime (in second) of the proposed ILP model and comparison of the obtained result with the standard pattern    

Measurement pattern |V| |O| The runtime of the 
proposed method (s) 

The number of required 
physical qubits 

Improvement % 

CNOT 4 2 1 3 25.0 

SWAP 8 2 1 3 62.5 

Toffoli 17 3 5 4 76.5 

QECC2_0_2 5 2 1 3 40.0 

QECC3_0_2 6 3 1 4 33.3 

QECC4_0_2 10 4 3 5 50.0 

QECC4_1_2 9 4 3 5 44.4 

QECC4_2_2 15 4 720 5 66.6 

QECC6_2_2 14 6 405 7 50.0 

QFT2 12 2 2 3 75.0 

QFT3 30 3 537 4 86.6 

Dusch10 29 10 232 11 62.0 

Grover3 29 3 897 4 86.2 

GHZ_20 39 20 8496 21 46.1 

GHZ_23 45 23 21968 24 46.6 

GHZ_25 49 25 N/A NA NA 

Avg. Improvement - - - - 56.7 
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