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 Background and Objectives: Robot manipulator with flexible-joints is very 
complex nonlinear system whose control is one of the most challenging issues in 
the control word. Therefore, the design of voltage-based controller in addition, 
using of order reduction methods can reduce the complexity of the control law in 
such systems.  
Methods: This paper proposes a voltage controller for flexible-joint robot 
manipulators based on singular perturbation method. The presented control 
approach has all three advantages of the singular perturbation method for model 
order reduction, the proper structure of Port-Hamiltonian systems, and voltage 
control strategy (VCS). In this approach, the robot manipulator model is divided 
into three sub-systems, slow, medium and fast sub-systems. Each of the sub-
systems is controlled using separate controller. In addition, the stability of these 
sub-systems and ultimately the whole system are proved. Unlike other related 
works, in this work the tracking error system is considered from the beginning, 
and by singular perturbation method, a controller is designed to stabilize the 
tracking system. Moreover, in the suggested voltage-based controller unlike 
torque control strategy, the electrical model of actuators is used.  
Results: The main advantages of proposed approach are simple structure, using 
only velocity of motors, the position of the joints as a control signal and 
considering the electrical model of the actuators. So, practical implementation of 
this controller will be with much less effort, compared to the methods like 
feedback linearization or other controllers in related works. Moreover, using the 
Lyapunov-based method, the ultimate bounded stability of the closed loop 
system is proved. Then, some simulations are provided for tracking, regulation, 
robustness and response speed purposes.  
Conclusion:  Since, the controllers for every sub-system are designed separately, 
also, the control signal parameters such as joints position, motors velocity, and 
motors current can be simply measured, therefore, the structure of the designed 
controller is very simple and practically implementable. As the simulation results 
confirm, the performance of this controller is appropriate, even when external 
disturbances are present or the frequency of reference signal increases. At last, 
by comparison and analysis of the simulation results between the presented 
approach and a related work, the suitable tracking performance of the suggested 
controller is shown. 
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Introduction 

Robot manipulator’s role in industrial applications has 

grown   exponentially   in  last  decades.  For this  reason,  

 

control problem of robot manipulators is of great 

importance. In recent applications of robot 

manipulators, high response speed and accuracy are 
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very critical. Therefore, using simple models for robot 

manipulator systems would not suffice. The simple 

model considers all of the robot joints to be rigid, but in 

reality flexibility is added to the joints to increase the 

speed and accuracy in movement and proper contact 

with objects and human. Also, in some applications like 

space robotics, the robot manipulators are designed very 

long, which have flexible behavior.  

A multiple flexible-joint robot is very complex 

nonlinear system. Linear controllers like PD and PID 

controllers ‎[1], ‎[2] and other type of controllers like 

fuzzy ‎[3], ‎[4] and adaptive controllers ‎[5], ‎[6] are used for 

controlling these systems. But these controllers are not 

suitable in some cases. So, using of nonlinear controllers 

like feedback linearization ‎[7] is also very popular for 

control of flexible joint robots. Because of the 

complexity of flexible joint robot models, the obtained 

nonlinear controllers for this system will have very 

complex structures, so implementing them would be 

cumbersome and will require a large calculating 

capability. For these reasons, the nonlinear model order 

reduction of the flexible joint robot model is of 

uttermost importance.  

In some other researches, the voltage-based control 

is used for tracking control of flexible-joint robot 

manipulator. In this strategy unlike the torque-based 

control strategy, the electrical model of actuator is 

considered; also the implementation problems and 

applying directly of control command to actuators are 

solved. So the controller is computed with much less 

effort. The effect of manipulator’s model on the motor’s 

dynamics is considered as uncertainties and using 

adaptive or robust control, the robot is controlled. Some 

examples for voltage control of flexible-joints robots 

are ‎[8], ‎[9]. 

The singular perturbation method is widely used for 

simplification and control of these types of systems. This 

method is thoroughly described in ‎[10]. In this method 

system is divided into two sub-systems, slow and fast 

sub-systems. Then the fast sub-system is controlled with 

a fast controller while the slow sub-system is separately 

controlled with another controller. In the case of 

flexible-joint robot, slow mechanical sub-system is equal 

to the rigid-joint robot model and the fast mechanical 

sub-system model is the flexibility of the joints. Also, in 

many works, singular perturbation technique is used to 

design a controller for flexible-joint robot. In ‎[11], 

integral manifolds concept is used to design a controller 

for flexible-joint robot. The controller for slow sub-

system is not designed and the choice for this controller 

is left to the reader. Also, the fast sub-system controller 

term is very huge and acquiring it requires tremendous 

calculations. In ‎[12], a full state controller is designed 

based on singular perturbation techniques. This 

controller is full state, which means it requires all the 

states in the model as control signals. In ‎[13], the 

controller is also designed using singular perturbation 

techniques and requires position and speed of motors 

plus position of joints as control signals. Other recent 

research that have focused on singular perturbation 

techniques along with various control methods for 

flexible-joint robots as follows: estimating link states 

using extended Kalman filters in ‎[14], presents a fault 

tolerant technique for the control of a single flexible-

joint robots using sliding mode controllers in ‎[15], 

controlling of a class of Euler-Lagrange systems based on 

considering model uncertainties and control saturations 

in ‎[16],  dividing the flexible-joint robot into two fast and 

slow sub-systems in ‎[17]- [19]. In ‎[17], each sub-system is 

controlled using an observer-based hybrid PID controller 

and a fast PD controller, in ‎[18] a composite controller is 

designed for flexible-joint and link robot with model 

uncertainties. The slow model is controlled by a novel 

super twisting sliding controller and the fast sub-system 

is then controlled by adaptive programming to 

compensate model uncertainties, and in ‎[19], the fast 

sub-system is controlled by velocity difference feedback 

controller to reduce oscillation. Then the slow sub-

system is controlled by a class of nonlinear surface and 

back-stepping global sliding mode control terms. In all of 

these, the control structure is based on torque control 

strategy also; the role of actuators is ignored. 

Therefore, designing a voltage controller based on 

singular perturbation method for controlling of 

electrically-driven flexible-joint robot manipulator has a 

double advantage. 

Modeling of mechanical systems based on Port-

Hamiltonian systems has been very popular alongside 

control systems researchers in the recent years. These 

models and their properties are described completely 

in ‎[20]. One of the most important properties of these 

systems is passivity. Using this property, many control 

methods for these systems are introduced, where 

energy balancing and adding of damping are the most 

known ones ‎[21], ‎[22]. Also in ‎[23] is proposed an 

approach based on passivity property and voltage 

control strategy for controlling of robot manipulator. 

Model order reduction methods for nonlinear 

systems have been of great interest in recent years. 

Especially the methods which maintain special structure 

of systems like Port-Hamiltonian structure. In ‎[24], a new 

method for model order reduction of flexible joint 

robots is proposed. In this method, using singular 

perturbation and applying some special transformations, 

system is divided to two fast and slow sub-systems. In 

this work, the horizontal flexible robot is considered and 

also the dynamics of electrical part of motors are not 

considered.  
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In this paper, a new approach based on the method 

of ‎[24] for model order reduction and voltage-based 

tracking control of a vertical flexible-joint robot is 

proposed. The tracking error model for the flexible-joint 

robot is obtained in singular perturbed form, which is 

also a Port-Hamiltonian system. Then using Port-

Hamiltonian and singular perturbation concepts, a new 

voltage controller is designed for the flexible-joint robot. 

The controller will use feedbacks of joint’s position, 

motor’s angular velocity and motor’s current. One of the 

advantages of this controller is its feasibility, since all 

feedbacks data are available. Then, closed loop system 

will be rewritten as a tracking error system and 

uniformly ultimately bounded (UUB) stability will be 

proved. Also, since model order reduction is used, the 

designed controller has a simple structure and is easy to 

implement. Simulations will show that the controller has 

a good tracking performance and acceptable robustness. 

In this paper, unlike the method of ‎[24] and many other 

works, voltage-based control is used instead of torque-

based control that means the electrical sub-system is 

considered in controller design. Also using the concepts 

of singular perturbation causes these sub-systems to be 

controlled separately. The other advantage of this 

method compared to ‎[24], are such as: the mechanical 

sub-system is converted to a tracking error system and 

also model order reduction of the system in the new 

form. This is essential for achieving to proof of the 

stability of the closed-loop tracking system so a new 

method is introduced for achieving this proof. 

The upcoming sections of this paper will be as the 

following sequence. In the second section, the model of 

a flexible-joint robot is described. The third section is 

where the most of the work is done. In this section, the 

mechanical model is transformed to a tracking error 

system which is also a singularly perturbed system. In 

the fourth section the structure of the designed 

controller is explained. In the fifth section, the uniformly 

ultimately bounded stability (UUB) of the closed loop 

system is proved, through extensive calculations. Then 

simulations are brought to prove the proper 

performance of the proposed controller. Also the 

designed controller is compared to similar work. At the 

end, conclusion of this paper is presented. 

Model of Flexible-Joint Robot 

A flexible-joint robot is modeled as a rigid-joint 

attached to the motor via a rotational spring. This model 

was first introduced in ‎[25] by Spong.  

The mechanical model of the robot manipulator is as 

the following equation: 

  ,
  (  ) ̈   (    ̇ ) ̇   (  )   (      )   

   ̈     ̇    (      )                             
  

Now the model of the electrical part of motors is 

explained. In these kinds of robots, brushless DC motors 

(BLCD motors) are used. Dynamic model electrical part 

of robot is as following: 

  

  
    (    ̇        ( ))     

       

  (2) 

The parameters of model are as the following: 
 
Table 1: The parameters of model 
 

Definitions Parameters 

The joint angle vector                                               

The motor angle vector                                              

The manipulator inertia matrix                            (  )       

The centrifugal and Coriolis torque  Matrix                                                 (    ̇ )

      

The gravitational torque vector                          (  )     

The actuator inertia matrix                                

(a constant times identity matrix) 

        

The actuator damping matrix                              

(a constant times identity matrix)        

        

The reduction gear matrix                                  

(a constant times identity matrix) 

       

The lumped flexibility matrix                             

(a constant times identity matrix) 

        

The motor current vector                                         

The motor voltage vector                                    

(elements should be smaller than     ) 

     

The resistance matrix                                           

 (a constant times identity matrix) 

       

The inductance matrix                                         

(a constant times identity matrix) 

       

The torque constant matrix                               

(a constant times identity matrix) 

        

The back EMF constant matrix                         

(a constant times identity matrix) 

        

The torque disturbance vector                          ( )     

 
In electrical motors, we assume that the back EMF 

constant is equal to torque constant, which both equal 

to parameter  .  

Hence, all equations will be rewritten considering this 

assumption. 

Model Order Reduction Using Singular 
Perturbation  

As we know, the electrical dynamics are much faster 

than the mechanical dynamics in an electrical motor. 

Also the mechanical dynamics of the motor change 

much faster than the dynamics of the manipulator. So, 

one can divide the entire robot manipulator with 

(1) 
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flexible-joints to three sub-systems. These sub-systems 

are, from the fastest to the slowest, the motor’s 

electrical sub-system, fast mechanical sub-system and 

slow mechanical sub-system.  

The electrical sub-system is usually controlled with a 

proportional integrator controller and the main load of 

controller design will be for the mechanical sub-systems. 

At first, we will show that the electrical sub-system is in 

fact much faster than mechanical sub-systems. Further 

on, the mechanical sub-system will be transformed to a 

joint’s flexibility error system, which means that the 

error between the joint and shaft positions will be the 

states of the new system. This is essential for reaching a 

singularly perturbed system. After this, the system will 

be transformed to a tracking error system, where the 

tracking error of joints will be the states of the system. 

The obtained system is then transformed to a singularly 

perturbed system and the slow and fast mechanical sub-

systems are obtained.  

A.  Separating of Electrical Sub-System  

As it is known, the electrical dynamics change much 

faster than mechanical dynamics in an electrical motor. 

Also the mechanical dynamics of motor change much 

faster than the dynamics of links. So, the system of a 

flexible-joint robot manipulator can be divided to three 

parts.  

Consider the model of BLCD motor: 
   

  
    

  (          (      )) 

  

  
  

 

 
   

 

 
  

 

 
  

    

The term      (      ) is the load torque 

which is applied to the motor’s shaft from the joint. This 

torque can be considered as a disturbance. So, this 

system can be divided into two fast and slow sub-

systems.  

Also we assume that all motors of joints are the same. 

Therefore, in this section, the parameters of the motors 

can be considered as the same and scalar. 

For obtaining these sub-systems, the following 

transformations are done: 
 

 
  

   

  
  

 

 
       

 

 
   

 

 

  

  
  

 

 
     

 

 
  

      

We define  ̂  
 

 
  , So: 

 

  
  

  ̂ 

  
  

 

  
   ̂    

 

 
   

 

 

  

  
   ̂    

 

 
  

 

Also assuming the motors are the same and 

  
 

      , then: 

  ̂ 

   
  

 

  
   ̂    

 

 
   

   

    

  

   
   ̂    

 

 
  

    

If we assume   
   

     and knowing that     is 

true, then the BLCD motor system is re-written in the 

format of a singular perturbation system: 

   
 

 
 

    

   
  

 

  ̂ 

   
  

 

  
   ̂    

 

 
   

 
  

    

   ̂    
 

 
  

    

Substituting     in the above equations, the slow 

sub-system is obtained: 
  ̂ 

   
  

 

  
   ̂   ̂  

 

 
  

 

 
    

This system can be re-written as the following 

equation:  

  

   

  
       

  

 
   

 

 
         

So the reduced order system of flexible joint robot, 

which the electrical part of motors has been omitted, is 

as the following: 

  {
  (  ) ̈   (    ̇ ) ̇   (  )   (      )                     

   ̈     ̇    (      )  
 

 
(    ̇ )                         

   

In other words, the torque generated by electrical 

motors is equal to   
 

 
(    ̇ ). The angular velocity 

in the electrical motor acts like a disturbance and the 

model from input voltage to input torque can be 

controlled with PI controller, without considering the 

effect of motor’s speed, assuming that the back EMF is 

much smaller than the input voltage, which it is true. 

As it is obvious, in the simplified model of motor, the 

corresponding states to the current of motors have been 

omitted. Also the fast sub-system, which is the electrical 

part of the motor, is asymptotically stable, so one can 

simply control flexible-joint robot by controller design 

for the simplified system.  

B.  Transforming to Flexibility Error System 

In this section, we try to transform the mechanical 

sub-system into a system in which the error between the 

position of motor’s shafts and their related joints is a 

part of its states. This error is caused by the flexibility in 

the joints, and reaching to this system, will simplify the 

transformation of the system to a singularly perturbed 

one. 

Now we will use the results gained for the Port-

Hamiltonian model of the flexible-joint robot. This 

structure for the flexible-joint robot without the 

electrical sub-system is considered in ‎[26], ‎[27]. The 

(3) 
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structure of a Port-Hamiltonian system is as below: 

 ̇  ( ( )   ( ))
   ( )

  
  ( )  

    ( ) 

      

In the above equation,  ( ) is a skew-symmetric 

matrix and  ( ) is a symmetric matrix. Also, the  ( ) 

function is the Hamiltonian function for the system. 

Considering these definitions, the model of flexible joint 

robot can be written as a Port-Hamiltonian system: 

    

{
 
 
 
 

 
 
 
 

[

 ̇ 

 ̇ 

 ̇ 

 ̇ 

]  [

    
    
     
     

]

[
 
 
 
 
 
 
 
 
 
   

   

   

   

   

   

   

   ]
 
 
 
 
 
 
 
 
 

 [

 
 
 
 

]  (4) 

where the Hamiltonian function is as below: 

  
 

 
  

    ( )   
 

 
    

       (  )

 
 

 
(     )

  (     ) 
(5) 

The relation between the states of this model and the 

model introduced by (1) is as follow: 

                 

     (  ) ̇         ̇       
  

 

  
    

Now, in order to reach a system with a structure 

more similar to a singularly perturbed one, the following 

transformation is done: 

   *
   

   
+  [

  

 

 
(     )

]     

   *
   

   
+    (  )  ̇   

(6) 

In fact, the above transformation transforms the 

system into a form where the error between the joint 

and attached motor’s shaft, caused by joint’s flexibility, 

is part of the system’s states. 

We will have:  

  (  )  [
  (  )        

        
]

   
  (  )

 [
  

  (  )
 

 
  

  (  )

 

 
  

  (  )
 

  
(  

     
  (  ))

] 

   (7) 

So we deduce that the transformation is actually in 

the form of the following: 

[

   

   
   

   

]  

[
 
 
 
 
    

 

 
  

 

 
   

    
      ]

 
 
 
 

[

  

  
  

  

]            (8) 

If we define the new Hamiltonian function as below: 

   
 

 
  

   
  (  )     (   )  

 

 
   

     (9) 

Then, the following equations hold: 

   

     

 
  

   

 
   

    

 
 

 

  

   

 
 

 

  

   

 

   

    

 
  

   

 
  

   

     
   

    

   
  

   

 

So, after applying transformation: 

    

{
 
 
 
 

 
 
 
 

[

 ̇  

 ̇  

 ̇  

 ̇  

]  

[
 
 
 
 
    

  
 

 
  

 

 
 

      
     ]

 
 
 
 

[
 
 
 
 
 
 
 
 
 
   

   

   

   

   

   

   

   ]
 
 
 
 
 
 
 
 
 

 [

 
 
 

   

]     

Using relationships between gradient of the new and 

old Hamiltonian, one will reach the transformed 

Hamiltonian system as: 

    

{
 
 
 
 

 
 
 
 

[

 ̇  

 ̇  

 ̇  

 ̇  

]  [

    
    
     
     

]

[
 
 
 
 
 
 
 
 
 
   

 

    

   
 

    

   
 

    

   
 

    ]
 
 
 
 
 
 
 
 
 

 [

 
 
 

   

]   

(10) 

C.  Transforming to Tracking Error System 

In this section, we will try to use the results from the 

last section and transform the system to a system where 

the tracking error is part of its states. We will call this 

system, the tracking error system. In order to reach the 

tracking error system, we consider the following system, 

which is a sub-system of system (10): 



H. Hooshmand et al. 

 

128  J. Electr. Comput. Eng. Innovations, 10(1): 123-142, 2022 
 

    

{
 
 
 
 

 
 
 
 

[

 ̇  

 ̇  

 ̇  

 ̇  

]  [

    
    
     
     

]

[
 
 
 
 
 
 
 
 
 
   

 

    

   
 

    

   
 

    

   
 

    ]
 
 
 
 
 
 
 
 
 

 [

  
  
  
    

] *
  

  
+    

(11) 

In order to reach a Port-Hamiltonian system for the 

transformed system of (11), we use the canonical 

transformation which is introduced in ‎[28]. 

So for this case, we define the following 

transformation: 

 (   )  [

      

   

    (  (   )    ) ̇ 

        ̇ 

]  

where,    is the desired trajectory for    or the 

manipulator position. 

Definition 1 ‎[28]  

Consider canonical transformation ‎[28] for the 

following Port-Hamiltonian system: 

 ̇  (   )
   

  
  ( )   

Canonical transformation indicates that if for 

transformation    (   ) and functions ( )  ( ), 

the following holds: 

*
  (   )

  
    

  (   )

  
+ [(   )

  

  
  ( ) 

  

]     

Then the transformed system will be a Port-

Hamiltonian system. Also, the Hamiltonian function for 

the transformed system will of the following form: 

 ̅( )   ( )   ( )  
Also, the input of the transformed system will be as 

the following: 

 ̅       
So by checking the condition related to canonical 

transformation ‎[28], we get: 

[
 
 
 
 

      ̇ 

     

 
   (   ) ̇ 

    

     (  (   )    ) ̈ 

        ̈ ]
 
 
 
 

[
 
 
 
 
 
 
 
 
 

  

    

  

    

 
  

    

   

 
  

    

    

  ]
 
 
 
 
 
 
 
 
 

     

 

So by choosing: 

   
  

    

 
   (   ) ̇ 

    

 ̇ 

 (  (   )    ) ̈   

            ̈  

(12) 

and: 

  
 

 
 ̇ 

 (  (   )    ) ̇     
  ̇ 

   (   ) 
(13) 

We reach the transformed system. The transformed 

Hamiltonian function is: 

 ̅  
 

 
  

   
  (   )   

 

 
   

      (14) 

where: 

   [
    (  (   )    ) ̇ 

        ̇ 
]  *

   

   
+  

The transformed Port-Hamiltonian system is as 

below: 

    

{
 
 
 
 

 
 
 
 

[

 ̇  

 ̇  

 ̇  

 ̇  

]  [

    
    
     
     

]

[
 
 
 
 
 
 
 
 
 
  ̅ 

 

    

  ̅ 
 

    

  ̅ 
 

    

  ̅ 
 

    ]
 
 
 
 
 
 
 
 
 

 [

  
  
  
    

] [
 ̅  

 ̅ 
]    

 

Now we consider the model of flexible-joint robot 

that this transformation is applied to. The transformed 

system, which is the tracking error system, will be as the 

following: 

     

{
 
 
 
 

 
 
 
 

[

 ̇  

 ̇  

 ̇  

 ̇  

]  [

    
    
     
     

]

[
 
 
 
 
 
 
 
 
 
  ̅ 

 

    

  ̅ 
 

    

  ̅ 
 

    

  ̅ 
 

    ]
 
 
 
 
 
 
 
 
 

 [

 
 
 ̅

   (   )    ̅

]    

(15) 

where: 

 (   )    (   ) ̈   (     ̇ ) ̇   (   )  

We should emphasize that part of the controller is 

applied to the system in this section. This control signal 

is as below: 
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   (   )   ̅  
where  ̅ is the control signal which will be applied later 

on, and it has been designed. But the signal  (   ) is 

already applied to the system. 

D.  Transforming to Singularly Perturbed Tracking Error 

System 

In this section, the tracking error of system (15) will 

be transformed into a singularly perturbed system. In 

order to do so, the method in ‎[24] is used. The system 

can be rewritten as below: 

    

{
 
 
 
 

 
 
 
 

[

 ̇  

 ̇  

 ̇  

 ̇  

]  [

    
    
     
     

]

[
 
 
 
 
 
 
 
 
 
  ̅ 

 

    

  ̅ 
 

    

  ̅ 
 

    

  ̅ 
 

    ]
 
 
 
 
 
 
 
 
 

 [

  
  
  
    

] [
 ̅

 (   )   ̅
]    

(16) 

In this case, the system can be considered as a Port-

Hamiltonian system with inputs  ̅ and  ̅   (   ). So 

we can use the transformation introduced in ‎[24]. 

Consider the following Port-Hamiltonian system: 

[
 ̇
 ̇
]  [

   

    
]

[
 
 
 
 
   

  

   

  ]
 
 
 
 

 [
 

 ( )]       (17) 

where: 

 (   )  
 

 
     ( )   ( )  

Consider the following transformation: 

 (   )  [
 

   ( ) 
]  [

 ̅
 ̅
]   ( )   ( )  ( ) 

 ̅( ̅)   (   ( ̅  ̅))   ( ) 
 

Then the system will be transformed into the 

following system: 

*
 ̇̅

 ̇̅
+  [

  ̅  

  ̅    
]

[
 
 
 
 
  ̅ 

  ̅

  ̅ 

  ̅ ]
 
 
 
 

 *
 
 ̅
+      (18) 

where: 

 ̅( ̅  ̅)  
 

 
 ̅  ̅   ( ̅)  

  ( ̅  ̅)  
 ( ̅   ̅)

  ̅
 ̅    ̅  

 ( ̅   ̅) 

  ̅
 

 ̅( ̅  ̅)   ̅  ( ̅) (   ( ̅  ̅)) ̅  ( ̅) 

 ̅( ̅)     ( ̅) ( ̅) 

   

By applying this transformation to system (16), we 

obtain the following system: 

[
 
 
 
 
 ̇̅  

 ̇̅  

 ̇̅ 

 ̇̅ ]
 
 
 
 

 

[
 
 
 
 
 
 
 

    
    

   
  
  

 

   
         

   

 

    
  
  

 
     

   

 
    

   

 ]
 
 
 
 
 
 
 

[
 
 
 
 
 
 
 
 
 
  ̅ 

  ̅  

  ̅ 

  ̅  

 

  ̅ 

  ̅ 

  ̅ 

  ̅ ]
 
 
 
 
 
 
 
 
 

 [

 
 

  
   ̅

(    
  ) ̅    

   (   )

]   

(19) 

where: 

  (   )   (   ) 
 (   )     ̅( ̅ )  [

   
    

]  [
 ̅ 

 ̅ 
]

    (   )    

and the Hamiltonian function for the transformed 

system is: 

 ̅( ̅   ̅ )  
 

 
 ̅ 

  ̅  
 

 
   

      (20) 

Also the terms in system (19) are as below: 
    

    
    

 (    
 )    

  

    
    

 (    
 )         

 (  
   ̅ )

  ̅ 

      
 (  ̅  )

  ̅  

 

 ̅ 
   [

  
   

 
 

 
  
  

]          
     

     

           
              

  (
 (  

   ̅  )

  ̅  

)

 

 

                    
 (  

   ̅  )

  ̅  

    (
 (  

   ̅  )

  ̅  

)

 

 

So the tracking error system (15) is transformed to 

(19). Now we show that this system is in fact a singular 

perturbation system. This system can be rewritten into 

the following form: 

 ̇̅     
   ̅      ̅   

 ̇̅      
  

  ̅ 
 

  ̅  

    ̅   (    
 

 
   )  ̅     

   ̅ 

  ̇̅     
   ̅   

  ̇̅      
  ̅ 

 

  ̅  

   
  

  ̅ 
 

  ̅  

 (        ) ̅   

(        ) ̅    (    
  ) ̅     

   

 

 

We should note that     is a function of  ̅  . Also it is 

known that  ̅    ( ). So the term 
 

 
    will have a 

finite real value. 
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By substituting    , one obtains the slow manifold: 

  
   ̅      ̅     

   
  

  ̅ 
 

  ̅  

     ̅       ̅       ̅           
 

There is not a unique solution for  ̅   in the slow 

manifold, but since this state does not appear in the 

dynamics of  ̅   and  ̅  , so it does not matter if there is 

not a unique answer, since it does not affect the 

dynamic of slow mechanical sub-system in any way. 

E.  Slow Mechanical Sub-System 

So the slow sub-system will be as the following: 

      

{
 
 

 
 

*
 ̇̅  

 ̇̅  

+  *
   

  

   
    

+

[
 
 
 
 
   

 

  ̅  

   
 

  ̅  ]
 
 
 
 

 [
 

  
  ]         

(21) 

where: 

   
 

 
 ̅  

  ̅     (22) 

If we assign the transformation       ̅  , then by 

investigating the transformation of (18), one can deduce 

that the transformed system will be as the following: 

     
  *[

 ̇  

 ̇  
]  *

  
   

+

[
 
 
 
 
   

 

    

   
 

   ]
 
 
 
 

 *
 
 
+     

where: 

                 (  (  )    ) ̇   

and the Hamiltonian function is as the following: 

   
 

 
   

 (  (  )    )       

Note that the terms    and    are the original states 

of the flexible joint system, used in system (4). So the 

slow sub-system is equivalent to tracking error system of 

a rigid-joint robot manipulator, where the following 

controller is initially applied: 

 ̅  (  (  )    ) ̈   (    ̇ ) ̇   (  ) 

Also the original rigid-joint robot model equivalent to 

this system will be the following: 

(  (  )    ) ̈   (   ̇ ) ̇   (  )

     ̅   (23) 

F.  Fast Mechanical Sub-System 

This sub-system is obtained by setting     in the 

dynamics of fast mechanical sub-system. This sub-

system is as below: 

      

{
 
 

 
 

[
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 ̅  
 ]  *

   
  

   
     

+
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  ̅  

   
  ̅  
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(24) 

As one can observe, input has no direct effect on the 

states of fast mechanical sub-system. Also this is a stable 

Port-Hamiltonian system. 

Controller Design 

The designed controller is based on the composite 

controller which is introduced for singular perturbation 

control problem in ‎[10]. So for each of the mechanical 

sub-systems, a separate controller is designed and then 

the sum of two control signals is applied to PI controller, 

then creates the voltage control command applied to the 

motors.   

For controlling the slow mechanical sub-system, we 

use the controller which is introduced in ‎[29]. This 

controller is obtained using the concept of canonical 

transformation introduced in ‎[28]. As you know, a part of 

this controller is already applied to the system and the 

system (19) is obtained after this signal is applied.  

In order to perform tracking control for the slow sub-

system, the method introduced in ‎[30], which is used for 

tracking control of rigid-joint robots, is utilized. In this 

method, the positions of joints are only used. The 

control signal for the slow sub-system is introduced as: 

   (  (  )    
 ) ̈   (    ̇ ) ̇  

            (  )    (     )    (        ) 

 ̇    
    (        ) 

 (25) 

The signal  ̅  (  (  )    
 ) ̈   (    ̇ ) ̇  

 (  ) is already applied, in the previous sections. The 

other part of controller is introduced in ‎[29], ‎[30]. In the 

next section, where we prove the stability of the 

controller, we will elaborate this controller design. 

In this controller,    is the desired trajectory vector of 

the joints. Also, for generating the control signal, the 

rigid joint robot model is used. In (25), matrices 

         are positive definite matrices and should be 

designed based on the robot’s model, the tracking 

problem and conditions.  

As it was stated earlier, the fast mechanical sub-

system is itself stable, but in order to reach a better 

performance, this system is controlled by adding 

damping phrase. Using speed feedback of motors, the 

control signal is made. This signal is designed as below: 
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      (    
  )  ̅     (26) 

Matrix    is a positive definite matrix.  

Finally, for the electrical model of the motors, a 

simple PI controller is designed to increase the speed of 

this system, which is stable. So the control signal is 

designed as below: 

    (    )    (    )         
 

 
(     )  

Also the PI controller coefficients for a desired 

bandwidth   , are selected as below: 

                

The bandwidth of the PI controller will be    radian 

per second.  

As one can see, the structure of the controller is 

simple, unlike the works done in ‎[11]- [13]. Also unlike 

these works, the designed controller does not need 

motors’ shaft positions and joints’ speeds. Fig. 1 shows 

the structure of controller proposed in this document. 

Stability Analysis 

In order to prove the stability of closed loop system, 

we will use a similar approach to stability analysis for 

singular perturbation systems, explained in ‎[10]. We 

cannot use this approach exactly and directly, because it 

would not get us to the results we want. In order to 

prove the stability of entire tracking error system, the 

stability of slow sub-system is first proved. Then using 

results of stability proof of slow sub-system, we will 

prove the stability of the entire system. 

A.  Stability of Slow Sub-System 

In this section, it is proved that after applying the 

following controller, the tracking error of slow sub-

system of (23) will be asymptotically stable. The 

controller design and stability proof are explained 

in ‎[30]. 

B.  Stability of Entire System 

This document may be used as a template for 

preparing your technical work. 

Now that the stability of slow sub-system is proved, 

we proceed to prove the stability of the whole tracking 

error system of (19). Consider the system in the form of 

singular perturbation system: 

 ̇̅     
   ̅      ̅   

 ̇̅      
  

  ̅ 
 

  ̅  

    ̅   (    
 

 
   )  ̅     

   ̅ 

  ̇̅     
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  ̇̅       
  ̅ 

 

  ̅  
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  ̅  

 (        ) ̅   

(        ) ̅    (    
  ) ̅     

   

 

 

 

 

Fig. 1: Control scheme for flexible-joint robot manipulator. 

 

 

 

This can be rewritten in the following form: 

  ̇   (     )   ( ) (  ( )    (   ))

  ̇   (     )     ( )(  ( )    (   )    
   )

  

     [
 ̅  

 ̅  
]    [

 ̅  

 ̅  
]  

For the Lyapunov function of  ( ), which we used to 

prove the stability of slow sub-system, and is explained 

in ‎[30], we know the following is true: 

 

 ( )        
  

  
( (   ( )  )   ( )  ( ))

    || ̅  ||
 
   || ̅  ||

 

   ||  ||
 
               

Also we can rewrite this Lyapunov function with 

singular perturbation states, as below: 

 ( )  
 

 
 ̅  

  ̅   
 

 
 ̅  

    ̅   
 

 
  

        ̅  
   ( ̅  

   ) 

Now we choose the following Lyapunov function for 

stability analysis of the whole system: 
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 ( )    ( )  (   ) ( )           

where: 
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We know that: 
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Assume that     , is a convergence region where 

contains the origin. There exist some positive values like 

     , that the following holds: 
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This matrix is negative definite, if and only if the 

following holds: 
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For the first condition, if we choose    large enough, 

then the condition is met. For the second one, by 

choosing    and parameters     will make the 

condition to hold. Also choosing suitable control 

parameters for the slow sub-system has definitely a 

crucial role in feasibility of the second condition. So, if 

the matrix     is positive definite, then: 
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Based on theorem 4.18 of ‎[31] the system is bounded. 

In order to elaborate, this theorem is explained again: 

Theorem 1 ‎[31] 

Assume that the domain      contains the origin 

and function   [   ]      is a continuous 

differentiable function, where: 
  ( )   ( )    ( )

 ̇( )  
  

  
 

  

  
 (   )     ( )  || ||      

 

In the above inequalities, for all times, and     , 

functions       are class K functions and   ( ) is a 

positive definite function. Assume that for a positive 

value   and the domain resulting from it,       , 

the following holds: 

    
  (  ( ))  

Then the system will be ultimately bounded and the 

ultimate bound will be equal to   
  (  ( )). 

As you can see, the chosen Lyapunov function is a 

positive definite function, which satisfies the conditions 

of this theorem. Also for all the states which satisfy the 

following inequality, the time derivative of the Lyapunov 

function will be negative definite: 

|
|

[
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 ̅  

  

 ̅  
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]
 
 
 
 

|
|  

  

   
|| || 

So based on this theorem, the closed loop system will 

be uniformly ultimately bounded (UUB) stable. Also we 

have proved that the tracking error system of (19) is 

stable. Also one can notice that for smaller   or joints 

flexibility, the bound for states will become smaller. 

Results and Discussion 

In order to show that the presented discussions are 

efficient, we use MATLAB/Simulink software for some 

simulations. So the control laws are applied on a flexible-

joint robot manipulator with two joints, which is located 

vertically on the ground and is driven by BLDC motors. 

The dynamic model of this robot is described in (1) and 

(2). In (1), the inertia matrix is as below: 

  (  )   [
      

      
] 

where: 

(27) 

            (  
     

             ( ))        

      (   
            ( ))     

      (   
            ( ))      

         
     

and    and    are the manipulators 1 and 2 inertias. The 

terms  (    ̇ ) and  (  ) are as bellow: 

 (    ̇ )  [
      

      
]   (28) 

                 ( ) 
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                ( )  
      

 

 (  ) = *
  

  
+   (29) 

     (          )    (  ( ))

          (  ( )    ( )) 
            (  ( )    ( )) 

The following tables show the parameters of this 

model and control law: 
 

Table 2: Parameters of permanent magnet DC motors 
 

joint 1,2 

    ( ) 50 

 ( ) 1.6 

 ( ) 0.001 

  (
  

   
) 0.26 

  (
  

 
) 0.26 

  (
    

  ) 0.0002 

  (
    

 
) 0.001 

  0.02 

 (
 

 
) 500 
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Table 3: Parameters of robot dynamics 
 

Links  (
    

  )  ( )   ( )  (  ) 

1 0.12 1 0.5 1 

2 0.25 1 0.5 2 

 
Table 4: Parameters of Control Law for tracking control 
 

               

[    
    ] *    

    + *
    
    

+         

 
Table 5: Parameters of Control Law for regulation control 
 

               

*
    
    

+ *
     

     
+ *

    
    

+            

As one can see from the above control laws, for set-

point control, different control parameters are used. 

Because the initial error in set-point control is much 

larger than the one in trajectory control and the 

trajectory controller might cause a big overshoot, since 

the related states might not reside in the convergence 

domain. 

The schematic view of tow-link robot manipulator is 

shown in Fig. 2. The desired trajectory for tracking 

control is defined as         (
   

  
) and is shown in 

Fig. 3. Also in all simulations, the Root Mean Square 

(RMS) value of tracking error and motors’ voltages are 

brought in Table 6, Table 7 and Table 8. For the sake of 

convenience, we bring the definition of RMS for a 

sample signal like  [ ]: 

    √
 

 
∑   [ ] 

 

   

 

 

 2  

 1  

`

 1 

 1 

  1 

 

  2  

  (1) 

  (2) 

  

𝑦 

 
Fig. 2: Sample flexible joint manipulator. 

 
Fig. 3: Reference trajectory. 

 

A.  Simulation 1 (Tracking Purpose) 

In this simulation, an initial position equal to -

0.2radian is considered for all joints. The parameters of 

control law in Table 4 are used. The following figures 

show the results in this simulation: 
 

 
 

Fig. 4: Joints tracking error for simulation 1. 

 

 
 

Fig. 5: Control effort (motors voltage) for simulation 1. 
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Fig. 6: Tracking of joint 1 for simulation 1. 

 
 

Fig. 7: Tracking of joint 2 for simulation 1. 

As it can be seen from the above figures, the tracking 

is done with very small tracking error. Also the input 

signals of actuators are well within the limits. There are 

some small oscillations at the start, which are due to the 

flexibility of the joints and are well attenuated by the 

fast mechanical sub-system controller. Table 6 shows the 

RMS values for tracking error and motors’ voltages: 
 

Table 6: the RMS values for tracking error and motors’ voltages 
for simulation 1 
 

Tracking error RMS Input voltage RMS joint 

0.0154 3.8777 1 

0.0128 2.6317 2 

B.  Simulation 2 (Response speed purpose) 

In this simulation, we increase the trajectory 

frequency 5 times of the one used in simulation 1. Other 

conditions are like simulation 1. As one can see from Fig. 

8 and Fig. 9, the tracking error has increased by 

increasing the reference trajectory frequency. Also the 

voltage of motors has increased. So in order to be able 

to track trajectory with higher frequencies, the gains 

should be reduced. But by reducing the gains too much, 

the tracking error will increase.  

Table 7 shows the RMS values of tracking error and 

voltages: 
 

Table 7: the RMS values for tracking error and motors’ voltages 
for simulation 2 
 

Tracking error RMS Input voltage RMS joint 

0.1478 13.8764 1 

0.1418 13.8977 2 

 
Fig. 8: Joints tracking error for simulation 2. 

 
Fig. 9: Control effort (motors voltage) for simulation 2. 

C.  Simulation 3 (Robustness purpose) 

The simulation conditions in this section are the same 

as the conditions in simulation 1, except that external 

disturbance signal is added to the voltage input of 

motors. The disturbance is as the Fig. 10. As one can see 

from the figures, the tracking error is increased and 

there are some oscillations in the manipulators 

movement, but overall the controller has an acceptable 

robustness and the added external disturbance to the 

system did not have drastic effect on the tracking 

performance. Also Table 8 shows the RMS values of 

tracking error and voltages: 
 

Table 8: the RMS values for tracking error and motors’ voltages 
for simulation 3 
 

Tracking error RMS Input voltage RMS joint 

0.0328 4.0200 1 

0.0275 2.7902 2 
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           Fig. 10: The external disturbance signal for simulation 3. 

 
Fig. 11: Joints tracking error for simulation 3. 

 
Fig. 12: Control effort (motors voltage) for simulation 3. 

 

 
Fig. 13: Tracking of joint 1 for simulation 3. 

 

 

 

 

 

 

 

Fig. 14: Tracking of joint 2 for simulation 3. 

D.  Simulation 4 (Robustness purpose 2) 

In this sub-section, the simulation is as the same one 

in the first simulation, except a sinusoidal disturbance 

with fixed amplitude and variable frequency is added to 

the input voltage of motors. The disturbance signal is as 

below:  

 
Fig. 15: The external disturbance signal for simulation 4. 

 

The following figures show the results of this 

simulation: 

 
Fig. 16: Joints tracking error for simulation 4. 
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Fig. 17: Control effort (motors voltage) for simulation 4. 

 
As can be seen, by over-increasing the frequency of 

the external disturbance, the system response oscillates 

and the steady state error increases oscillates. In other 

words, the disturbance frequency increases too much, 

the control system will not be able to fully reject the 

disturbance effect. 

 
 

Fig. 18: Tracking of joint 1 for simulation 4. 
 

 
 

Fig. 19: Tracking of joint 2 for simulation 4. 

E.  Simulation 5 (Set-point Purpose) 

In this simulation, both joints are set to start from 

origin and reach 1 radian. For this reason, the 

parameters of control law in Table 5 are used. As it is 

obvious from the Fig. 20, the joints reach to the one 

radian after a limited time. Of course, there is overshoot 

in the system result. By reducing the controller gains, 

one can decrease the overshoot, but convergence time 

will increase. 

 
Fig. 20: The set point error for simulation 5. 

 

Fig. 21: Control effort (motors voltage) for simulation 5. 

 

 Fig. 22: position Tuning of joint 1 for simulation 5. 
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Fig. 23: position Tuning of joint 2 for simulation 5. 
 

F.  Comparison Simulation 

    I)  Under the same conditions as this article 

In this sub-section, the controller in ‎[24] is used for 

tracking control based on conditions of simulation 1. In 

this method, the controller in slow mechanical sub-

system is the same as the one used in this work, but the 

controller for the fast mechanical sub-system is 

different.  

It uses the position of shafts and joints as control 

signals. The control signal for fast sub-system is as 

below: 

          (    )  

where: 

  ̇    
    (    )          

In the above equations, matrices          are 

positive definite matrices. The values that are chosen for 

these matrices are as below: 

                         

Also the bandwidth of the PI controller is set to 1.  

The following figures and Table 9 show the 

performance of controller ‎[24] compared to our 

proposed controller:  

 
Table 9: The numerical comparison between two methods 
 

Steady state 

Error (m) 

Error 

RMS 

voltage 

RMS 
joint 

0.003 0.019 3.886 1 (Approach of ‎[24]) 

0.004 0.016 2.660 2 (Approach of ‎[24]) 

0.001 0.015 3.878 1(Our  approach) 

0.002 0.013 2.632 2(Our approach) 

 

  Fig. 24: Tracking error for simulation of method of ‎[24]. 

 

 

    Fig. 25: Input voltage for simulation of method of ‎[24]. 
 

 
Fig. 26: Comparison of joint 1 tracking error for two methods. 
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Fig. 27: Comparison of joint 2 tracking error for two methods. 
 

As it is obvious from the simulation results, the 

presented controller  [24] has much worse results than 

the designed controller in this paper.  

Also there is no stability proof presented for the 

method of  [24]. Also measurement of positions for the 

shaft is much more difficult than measuring the velocity 

of the shafts, because the position of shafts varies very 

fast. 

So it is concluded that by comparing the designed 

controllers based on model order reduction using 

singular perturbation methods, our presented controller 

has better performance.  

Also the stability proof for the closed loop system is 

considered. 

    II)  Under the same conditions as ‎[24] 

In ‎[24], the model parameters of flexible-joints robot 

manipulator that has be used in simulations, is not 

presented.  

The desired trajectory is only presented. The 

trajectory chosen in previous sub-section is more suited 

for performance analysis but for a fairer comparison, this 

section compares simulations results in the conditions 

and information presented in ‎[24]. The desired 

trajectory ‎[24] is as below: 

                

The following tables and figures show the comparison 

result of our controller and ‎[24], by performing the new 

desired trajectory. 

The error between the motors’ shafts position and 

the position of attached joints is good indicator of 

controller performance.  

It shows if flexibility of joints is controlled well. This 

error is presented in reference ‎[24], so it is also 

presented here. The error between the motors’ position 

and joints’ position compares as bellow: 

 
 

 

 

 

 

 

 

 
 

Fig. 28: Comparison of joint 1 flexibility error for two methods. 

 
     Fig. 29: Comparison of joint 2 flexibility error for two methods. 

 

For the controller of ‎[24], the results are not as 

satisfactory as the results obtained by our controller. The 

comparison for tracking errors between two methods is 

as the following figures: 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 30: Comparison of joint 2 tracking error for two methods. 
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Fig. 31: Comparison of joint 2 tracking error for two methods. 
 

As the figures show, the overshoots, oscillations and 

tracking errors in transient state for both joints are less 

for the case where our controller is used. One should 

mention that the amplitude of the reference signal is less 

than the one chosen previous sub-section, so tracking of 

this signal is done with less effort. 

The Table 10 shows the input voltage, tracking error 

RMS and steady state error for both methods. The 

results show the better performance of our method. 

 
Table 10: The numerical comparison between two methods 
 

Steady state 

Error (m) 

Error 

RMS 

voltage 

RMS 
joint 

0.002 0.0185 4.2340 1 (Approach of ‎[24]) 

0.003 0.0103 1.2575 2 (Approach of ‎[24]) 

0.000015 0.0099 4.2384 1(Our  approach) 

0.00022 0.0063 1.2477 2(Our approach) 

 

Conclusion 

In this paper, the control problem of the electrically 

driven robot manipulator with flexible-joints by the 

singular perturbation technique is considered. The 

tracking error system is transformed to a singularly 

perturbed system and is divided into three sub-systems, 

which both mechanical sub-systems are Port-

Hamiltonian systems. A controller is designed for each 

mechanical sub-system, which is then applied to a PI 

controller to generate the control input to the motors 

that is voltage. The stability of this controller is proved 

for the closed loop tracking system. It is shown that the 

tracking error system is stable. 

Since the joints position, motors velocity, and current 

of motors are needed for generating the control signal, 

the controller is very practical, because these 

parameters can be simply measured. Also, since the 

controllers for every sub-system were designed 

separately, the structure of the designed controller is 

very simple. So, implementation of this controller will be 

with much less effort, compared to the methods like 

feedback linearization or other controllers in related 

works. 

As the simulation results confirm, the performance of 

this controller is appropriate, even when external 

disturbances are present or the frequency of reference 

signal increases. Finally the proposed controller was 

compared with a related work to show the efficiency of 

presented controller with others. 
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Abbreviations 

 ( ) Canonical function for transformation   
 (   ) The additional term added to the system 

input after transformation  
  The singular perturbation constant of 

electrical subsystem 
  The joint flexibility index  
   The joint angle vector 
   The motor angle vector 
 (   ) Transformation matrix  
   The motor angular velocity 
 ̂  The transformed angular velocity in singular 

perturbation system 
   The PI controller bandwidth 
   The actuator damping matrix 

 (    ̇ ) The centrifugal and Coriolis torque matrix 

 ( ) The torque disturbance vector 
 (   ) The damping matrix of the Port-Hamiltonian 

system 
 (  ) The gravitational torque vector 
 ( ) The input matrix of the Port-Hamiltonian 

system 
  The Hamiltonian function 
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 ̅  The tracking error system Hamiltonian 
function  

   The flexibility error system Hamiltonian 
function 

 ̅ The singular perturbation system Hamiltonian 
function  

  The motor current vector 
  The integration constant in PI controller  
 ( ) The skew symmetric matrix in Port-

Hamiltonian system 
  The lumped flexibility matrix 
   The back EMF constant matrix 
   The slow sub-system controller constant  
   The slow sub-system controller constant  

   The slow sub-system controller constant  
   The fast sub-system controller constant  

   The torque constant matrix 
  The inductance matrix 
   The inertia matrix in the flexibility error 

system  
 ( ) The inertial matrix of the Port-Hamiltonian 

system 
  (  ) The manipulator inertia matrix 
   The actuator inertia matrix 
  

  The motors’ inertia matrix after applying gear 
ratio effect  

PH Port-Hamiltonian 
  The proportional constant in PI controller  
  The states of the Port-Hamiltonian system 

moment  
 ̅ Transformed system moments  
   The  flexibility error system moments 
    The  flexibility error system moment of the 

joints 
    The  flexibility error system moment of the 

motors’ shaft 
   The tracking error system moments 
    The tracking error system joints’ moment  
    The tracking error system motors’ shaft 

moment  
 ̅  The tracking error singular perturbation 

system moments 
 ̅   The singular perturbation system joints’ 

moment  
 

 ̅   
 
The singular perturbation system motors’ 
shaft moment  

  The states of the Port-Hamiltonian system 
position  

 ̅ Transformed system positions  
   The desired trajectory  
   The  flexibility error system positions 
    The  flexibility error system joints position 
    The  flexibility error system joints motors’ 

shaft position 
   The tracking error system positions 
    The tracking error system joints’ position  

    The tracking error system motors’ shaft 
position  

 ̅  The tracking error singular perturbation 
system positions 

 ̅   The singular perturbation system joints’ 
position  

 ̅   The singular perturbation system motors’ 
shaft position  

  The reduction gear matrix 
  The motor resistance matrix 
 ( ) The positive definite matrix in Port-

Hamiltonian system 
 ( ) Transformation matrix  
 ( ) The Lyapunov function for stability proof of 

the whole system  
 ( ) Canonical function  
  The main system input  
 ̅ The transformed system input 
 ̅  The already applied input in the canonical 

transformation  
   The input to the slow sub-system  
   The input to the fast sub-system  

UUB Uniformly Ultimately Bounded 
 ( ) The potential energy of the Port-Hamiltonian 

system 
 (    ̇ ) The Lyapunov function  
  The motor voltage vector 
   The final control signal, which is voltage 

VCS Voltage Control Strategy 
 
  (   ) 

The canonical transformation  
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