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Article info: 

This study emphasizes  the upshots of non-linear radiation and electrical 

resistance heating on a three dimensional Jeffrey dissipating nanoflow in 

view of convective surface conditions. The initial set of nonlinear 

dimensional boundary layer equations are transformed into a system of 

ordinary differential equations with suitable similarity variables and then 

solved by shooting method using Mathematica software. For various 

representative quantities, the behavior of the momentum, energy and 

species diffusion along with engineering quantities near the surface are 

figured for different estimations of the fluid properties. The examination of 

the present outcomes has been made with the existing work which is in 

good agreement. This study helps in understanding that the heat transfer 

rate is predominant in the non-linear radiation compared to linear radiation. 

Jeffrey fluid model has the capacity of describing the stress relaxation 

property, that usually viscous fluid lags and this is exhibited clearly in the 

study. Shear stress descends as the fluid pertinent parameter ascends. 
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1. Introduction

Sir Isaac Newton is the father of the viscosity 

concept, stress-strain relation and originator of 

classical fluid dynamics. There are quite 

extensive fluids whose density differs with the 

tension inside (time-dependent) and such a 

class is called non-Newtonian fluids. Various 

models were proposed to describe the nature of 

non-Newtonian fluids. Jeffrey’s fluid model 

succeeded the other developed rheological 

models. Amongst them, Jeffrey-Hamel’s fluid 

model is peculiar, as this fluid model at high 

surface shear stress (> yield  stress) degenerates 

https://en.wikipedia.org/wiki/Non-Newtonian_fluids
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to Newtonian. This fluid model finds relation 

between relaxation to retardation time effects. 

Further, during circulation process, blood 

shows the qualities of Newtonian and non-

Newtonian fluids. Major applications of 

rheological fluids are Slurries, physiological 

suspensions, molten plastic material, foams, 

food processing , geological materials, drilling 

muds, syrups, colloidal solutions, production, 

cosmetics, paints production and coating, etc,. 

Sreenivasulu et al. [1] examined nanoparticles 

flux on bio-convective fluid. Ojjela et al. [2] 

examined within parallel permeable plates, the 

flow of Jeffrey fluid. Kahshan et al. [3] 

inspected the applications of this fluid   on 

apermeable channel. 

Basing on its very important applications in the 

field of mechanical and designing procedures, 

the idea of stretching is more revolutionary. The 

overextension process gives a one way 

stretching, refining its mechanical properties. 

The cooling nature of the surface in the porous 

media depends on the fluid used and these 

situation is seen in textile industries, polymer 

processing, paper production, and 

manufacturing of the glass sheets. Flow past a 

stretching sheet in three dimensional was 

studied by Ariel [4]. MHD casson fluid towards 

an elongated sheet  was presented by Mahaboob 

and Kalidas [5]. Hussain et al. [6] analysed the 

second grade fluid taking the geometry as 

stretching surface. Singh et al. [7] investigated 

mass transpiration in MHD nonlinear flow 

along a porous extending  surface. The 

influence of energy rise/fall past an  extending 

surface was scrutinized by Ibrahim et al. [8].   

Significant fields of science and engineering 

include magnetohydrodynamics as its part. 

Physiological fluids like blood have the 

conducting property; when it is under magnetic 

field it behaves appreciably as it helps in 

transporting drugs inside the body. For tumor 

treatments, drug targeting and treatment for cell 

death due to hyperthermia are all done by 

inserting the bio magnetic fluids in the blood 

stream. This bio-magnetic fluid produces a 

transverse magnetic field and supplies the drug 

at the desired place. Several  studies have been 

publised on influence of MHD on various fields 

[9-11]. Flow of magnetic field on imbition 

phenomenon was introduced by Gohil and 

Ramakanta [12]. Ramzan et al. [13] examined 

the entropy generation on bio-convective 

magneticCNTs.MHD radiative UCM nanoflow 

under Joule heating effect was scrutinized by 

Sreenivasulu et al.[14]. 

Major industrial, research and public health 

sectors require the application of radiation. For 

tumor patients, the basic treatment is dispersion 

of the radiation which helps in destroying the 

damaged cells. For designing high thermal 

resistant equipment especially in space crafts, 

radiation role is indispensable. Radiation and 

chemical reaction effects on Peristaltic 

propulsion of Jeffrey nanofluid were inspected 

by Abbas et al. [15]. Hussain et al. [16] 

investigated the medium less heat 

transformation impact on viscoelastic nanofluid 

flow.  Influence of thermal radiation in various 

fields has been studied by [17-19]. Radiation 

effect on MHD dusty fluid past a parabolic 

surface was investigated by Gnaneswara Reddy 

and Ferdows [20]. 

Conduction in the sheet is seen on one side and 

its adjacent is convection in the liquid. This 

physical occurrence is generally described as 

Newtonian condition and it is common nature 

in heat transfer surfaces, particularly in power 

plants run by thermal energy and gas turbines. 

Boundary conditions on both sides of the 

surface are not similar due to its spatial 

coordination. Negative sign in the condition 

indicates alternating energy flow near the wall. 

Hayat et al. [21] investigated the effect of 

variable thermal conductivity on radiating 

Jeffrey flow.  Nayak et al. [22] have proposed 

the Newtonian condition effect on 3D slip 

MHD nanoflow embedded in porous medium. 

The influence of convective boundary on Bio-

nanoflow along moving sheet was presented by 

Chan et al. [23].  

Heat transfer problems encounter another 

important parameter, called viscous dissipation, 

the internal friction of the fluid having its major 

applications in engineering and science such as 

astrophysics, oceanography, meteorology, 

biomedicine, etc. Viscous dissipation turns the 

kinetic energy into internal friction energy. 

Viscous dissipation influence was initially 

investigated by Brickman [24]. 

https://www.sciencedirect.com/topics/engineering/rheological-behaviour
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Joule heating is  another important aspect in 

heat transfer of hydrodyanamic flows along 

with its applications such as eclectic heaters, 

electric fuses, soldering irons, electric cigarettes 

etc. Fillo [25] initiated the study of viscous 

dissipation combined with Ohmic heating.  

Hussain [26] studied the same combination on 

MHD Sisko fluids past a stretching cylinder; 

and  Cattaneo-Christove heat flux past a Riga 

plate was investigated by Shamshuddin [27]. 

The primary intention of this investigation is 

exploring the Joule heating effect on 

3Ddissipating and radiating Jeffrey nanoflow 

sliding along extending sheet under usual heat 

and mass flux boundary conditions, as this topic 

has been paid little attention by researchers. 

 

2. Formulation of flow model 

 
Consider an incompressible, laminar, 

electrically conducting, steady, viscous three 

dimensional Jeffrey nanoflow along an 

extended surface. Newtonian boundary 

condition is incorporated. The flow is confined 

to positive z-axis and the sheet is stretched over 

xy-plane. A magnetic field of strength B 

(constant) is transversely. Since the fluid is 

conducting, electrical resistive heating is also 

distributed inside the fluid. The graphical 

abstract is shown in Fig. 1. Since the flow is 

laminar, Reynolds is much less than unity and 

hence the induced magnetic field is negligible. 

In this analysis, radiation has a non-linearized 

Rosseland assumption which is suitable for all 

ranges of temperature deviations (small or 

large). 

Brownian motion, viscous dissipation  and 

thermophoresis are also taken. Convective 

heating process takes place at the adjacent side 

of the surface and characterized by the hf 

coefficient of heat transfer with the hot fluid 

temperature Tf. Under usual Boussinesq’s 

approximation, Prandtl boundary layer obeying 

the situation taken from Hayat et al. [28] is 

given as:
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The constraints for the flow field are as below: 
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where  𝐶̅-nanoparticle volume fraction 

(kg/m3),�̅�-energy (K),�̅�,�̅�,𝑧̅-cartesian co-

ordinates,�̅�,�̅�,�̅�
 
- velocity components 

(m/s),𝑢𝑤̅̅ ̅̅ ,𝑣𝑤̅̅̅̅ - stretching velocities (m/s),�̅�-

heat conductance (W.m-1.K-1), 0B -Magnetic 

field strength (Tesla),ℎ𝑓̅̅ ̅-Convective heat 

transfer, ek - averaging absorption coefficient,�̅�-

pressure (Pa), rq -heat flux due to 

radiation(W/m2), pC -heat capacitance  

(J/(kg.K)),�̅�B -mass diffusivity Coefficient , �̅�T

 - thermophoresis parameter,  -

specificconductance(S/m),𝜎�̅�-Boltzmann 

constant (W/m2. K 4),�̅�-kinematic viscosity 

(m2/s),̅-density (kg/m3), �̅�- thermal 
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diffusivity (m2/s), ̅-dynamic viscosity (Pa.s) 

and the suffices f, represents the parameters 

inside the nanofluid and in quiescent flow.
 

The above situation finds applications in the 

enhanced thermal and mass transfer, industrial 

processes, drug manufacture, transportation, 

house hold appliances, and chemical 

engineering.  

The non-linear radiation term is
4

4

3

s
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. However the present study is 

focused highly on dense fluids,
4

T  can be 

expanded about T and considering the first 

order term and leaving the higher orders as  
3 4

4 3T T T − , as the energy variation inside the 

fluid is small. In view of the above expressions, 

energy equation turns to the form: 
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Introducing similarity transformations to the 

turn the boundary layer equations to:  
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Using Eq. (8), Eqs. (2,3,5,6 and 7) takes the 

non-dimensional structure as: 
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where, -independent variable, f, g-velocity, -

energy,m-non-linear radiation , -nanoparticle 

volume fraction, c-stretch ratio ,, -thermal 

and solutalBiot number, -Jeffrey fluid , Ec – 

Eckert number, Le – Lewis number, R-radiation 

paremeter, Nb - Pedesis, Nt – thermophoresis 

parameters, respectively and Re-Reynolds 

number. 

From the technological point of view, the wall 

shear stress for Jeffrey nanoflow along both 

directions, Nusselt number and Sherwood  

number in dimensional less structure and are 

defined as:  
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Fig. 1. Graphical abstract of the model. 
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3. Numerical exploration 
 

The ordinary differential equations Eqs. (9-12) 

with associated conditions (13) of the Jeffry 

nanoflow model seem to be non-linear, when 

converted. Several numerical schemes are 

available, but shooting technique cum Runge-

Kutta method has a great advantage, which has 

the fifth order truncation error. The algorithm of 

the method includes the following steps: 

Step 1: Reducing the obtained non-linear 

differential equations to first order.i.e.: 
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The boundary conditions turn to be: 
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In Eq. (16), p3(0), z3(0), w2(0), y2(0) are to be 

determined.  

Step 2:  These are shot by taking suitable set of 

parameters.  

Step 3: Choose initial values for p3(0), z3(0), 

w2(0), y2(0).  

Step 4:  Applying shooting technique, the 

values of unknown parameters are computed. 

Step 5: The computed values are finalized if 

|𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑑 − 𝑖𝑛𝑖𝑡𝑖𝑎𝑙| < 10−6i.e., the 

difference between the initial and newly 

calculated values of y2 (), z2 (), w1() and 

p1()is absolutely less than10−6. 

Step 6: If |𝑐𝑜𝑚𝑝𝑢𝑡𝑒𝑑 − 𝑖𝑛𝑖𝑡𝑖𝑎𝑙| > 10−6, then 

initial approximations are to be modified again 

for different set of physical parameters.  This 

process is repeated until desired convergence. 

Step 7: Eq. (15) with the constraint (16) is thus 

changed into an initial value problem.  

Step 8:  Further the system is solved employing 

Runge-Kutta method. 

 

 
Table 1. Review of wall shear stress coefficients for varied n. 

 
 

n 

(0)f −  (0)g−  

Ariel [4] Hayat et al. [21] Present study Ariel [4] Hayat et al.[21] Present study 

0 1 1 1 0 0 0 

0.1 1.020260 1.020260 1.020259 0.066847 0.066847 0.066850 

0.2 1.039495 1.039495 1.039491 0.148737 0.148737 0.148775 

0.3 1.057955 1.057955 1.057965 0.243360 0.243359 0.243356 

0.4 1.075788 1.075788 1.075787 0.349209 0.349209 0.349212 

0.5 1.093095 1.088662 1.088658 0.465205 0.465205 0.465212 

0.6 1.109947 1.109947 1.109941 0.590529 0.590529 0.590519 

0.7 1.126398 1.126398 1.126396 0.724532 0.724532 0.724530 

0.8 1.142489 1.142489 1.142488 0.866683 0.866683 0.866678 

0.9 1.158254 1.158255 1.158255 1.016539 1.016540 1.016543 

1.0 1.173721 1.173722 1.173721 1.173721 1.173722 1.173719 
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4. Results and discussion 

 
The coupled non-liner boundary layer Eqs. (9- 

12) subjected to the boundary values (13) are 

numerically solved by shooting method. In this 

study, the behavioural aspects of 

momentum(f() and g()), energy distribution 

and species distributions for different 

significant parameters are portrayed in Figs. 2 - 

11. Due to practical importance, the coupled 

wall shear stress, energy and species transfer 

rate are shown in Tables 1 - 4.  

Table 1 shows the appraisal results obtained in 

the present study and those of Ariel [4] and 

Hayat et al. [21].The results are quite in  good 

agreement  with the published works when: 

 

 β →, Ecx = Ecy =0, R = 0, M  =0, K =0,c = 1.  

 

For improving  values, the nanoflow 

displacement rate reduces; this is due to raise in 

recreation time that is the element wants more 

time for response from perturbed structure to 

equilibrium structure (Fig. 2). The effect of 

linear and non-linear radiation on the nanoflow  

energy is presented in Fig. 3. Initially the 

nanoflow energy drops,but picks up in the 

ambient stream. It is convincing to see the 

energy transfer is more in linearized 

approximation of radiation. 

From Fig. 4, it is noticed that the fluid energy 

falls for enhancing Nt. The nanoparticles is 

repelled away from the hot convective surface 

and attracted towards the cold surface due to 

this thermos-diffusion act. 

Pedesisimpact on the energy transfer and 

volume fraction dispersion is delineated in Figs. 

5-6. It is perceived that the temperature rises 

near the wall and then falls far from surface as 

Nb enhances. 

Due to convection swap, the nanoflow energy 

diminishes as the thermal Biot number 

improves (Fig. 7). Linearized radiation 

dominates initially then non-linearized 

approximated radiation pronounces in the 

quiescent flow. 
Figs. 8-9 depict the influence of internal friction 

on the energy along axial and tangential 

direction. Both figures explain that  the fluid 

temperature rises as the internal fluid friction 

increases. Energy inside the fluid drops faster 

from the sheet in non-linearized diffusion 

approximation. 

   

 
Fig. 2. Momentum profiles for  . 

 

 
Fig. 3. Radiation effect on flow energy. 

 

 
Fig. 4. Temperature for various on Nt. 

 

 
Fig. 5. Temperature profiles for varied Nb.  
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Fig. 6. Temperature profiles for varied Nb. 

 

 
Fig. 7. Impact of  on  (). 

 

 
Fig. 8. Ecx effect on nanoflow energy. 

 

 
Fig. 9. Energy profiles for different Ecy. 

 
Fig. 10. Thermal Biot number influence on  (). 

 

 
Fig. 11. Thermal Biot number impact on () 

 

 

Solutal Biot number finds noticeable 

impression on the nanoflow energy and volume 

fraction (Figs. 10- 11). 

Table 2,  illustrates the variations of shear stress 

near the wall towards x and y-directions for 

different pertinent parameters. It is seen that the 

shear stress near wall descends when Jeffrey 

fluid parameter or magnetic field  or stretch 

ratio ascend.  

From Table 3, it is noted that the energy 

transmission rate weakens for augmenting Pr 

and also interestingly, it is seen that energy 

transmission is dominant in non-linearized 

radiation approximation. Eckert number the 

transmission rate of energy near the surface. 

Magnetic field diminishes the energy 

transmission rate as the resistance force acts in 

the reverse direction of the flow.  

Enhancing Pedesis and thermophoresis 

parameter decreases heat transfer rate. 

Temperature gradient at the wall rises with a 

rise in thermal Biot number. In all the cases, it 
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is evident that nonlinear radiation transmits 

more energy.  

From Table 4, it is noted that diffusion transfer 

rate is more when species Biot number 

increases. The same behaviour is noticed in 

Soret    number    case.    Brownian    movement  

 

reduces the diffusion of species concentration 

transfer. Physically the random movement of 

the nanoparticles reduces the base fluid 

viscosity, so the diffusion rate of nanoparticles  

decreases. 

 

 

 
Table 2. Evaluations of wall shear stresses. 

 C (0)f 
 

(0)g
 

0.1 0.5 −1.36173 − 0.610273 

0.5  −1.59011 −0.712609 

1.0  −1.83609 −0.822841 

 0.1 −1.51883 −0.118736 

 0.3 −1.55516 −0.393653 

 0.5 −1.59011 −0.712609 

 
Table 3. Computation of energy transfer rate. 

Pr R Ecx Ecy Nt Nb  
(0) −

 
Linear  Non-linear  

0.71 0.5 0.3 0.3 0.3 0.3 0.1 0.018369 0.028579 

1.00       0.042109 0.046531 

2.00       0.058466 0.059613 

0.71 1.0      0.042109 0.046531 

 2.0      0.058466 0.059612 

 3.0      0.064952 0.065039 

 0.5 0.1     0.065192 0.065194 

  0.2     0.042291 0.046029 

  0.5     0.005993 0.020435 

  0.3 0.1    0.018797 0.028873 

   0.2    0.018583 0.028726 

   0.5    0.017939 0.028287 

   0.3 0.1   0.022772 0.030794 

    0.2   0.020654 0.029699 

    0.5   0.013199 0.026268 

    0.3 0.1  0.019923 0.029321 

     0.2  0.019151 0.028951 

     0.5  0.016778 0.027839 

     0.3 0.2 0.032005 0.048776 

      0.3 0.042498 0.063574 

      0.5 0.057541 0.083521 

  
Table 4. Computations of Sherwood numberfor characterized flowparameters. 

 Nt Nb Le  (0)−
 

0.1 0.3 0.3 5  0.107751 

0.5     0.438077 

1.0     0.710384 

0.3 0.1    0.264024 

 0.2    0.276511 

 0.5    0.320215 

 0.3 0.1   0.362555 

  0.2   0.308081 

  0.5   0.275412 

   1  0.292183 

   3  0.289016 

   10  0.291963 
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5. Conclusions 

  

The influence of Ohmic heating on MHD 

dissipating and radiating Jeffrey nanoflow past  

an extending sheet under Newtonian heat and 

mass flux constraints is investigated in this 

article. The outcomes was achieved by 

numerical techniques ; and the concluding 

remarks of the paper are  

• Non-linear radiation transfers more energy 

from the fluid than linear. 

• Shear stress along both directions descends 

for increasing flow parameter. 

• Jeffrey fluid has greater stress relaxation 

property.  

• Ascending magnetic parameter descends 

the wall shear stress. 

• Stretching ratio parameter decreases the 

coefficient of wall shear stress. 

• Energy transmission rate decreases as the 

internal friction (Ec) of the nanoflow enhances.  

• SolutalBiot number and thermophoresis 

parameter increase the mass transfer rate while 

the Sherwood number decreases for improving 

Brownian motion and Lewis number.   
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