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Background and Objectives: In this paper, a constrained cooperative
distributed model predictive control (DMPC) is proposed. The proposed
DMPC is based on linear adaptive generalized predictive control (AGPC) to
control uncertain nonlinear large-scale systems.

Methods: The proposed approach, has two main contributions. First, a novel
cooperative optimization strategy is proposed to improve the centralized
global cost function of each local controller. Second, using the proposed
linear distributed AGPC (DAGPC), the mismatch between linearized and
nonlinear models is compensated via online identification of the linearized
model in each iteration of optimization.

Results: The proposed novel cooperative optimization strategy decreases the
computational burden of optimization process compared to conventional
cooperative DMPC strategies. Moreover, the proposed linear DAGPC
decreases the satisfaction time of the terminal condition compared to
conventional DMPC methods. The paper establishes sufficient conditions for
the closed-loop stability. The performance and effectiveness of proposed
method is demonstrated through simulation of a quadruple-tank system for
both certain and uncertain situations. The imposed uncertainty changes the
system from minimum phase to nonminimum-phase situation. Closed-loop
stability and proper convergences are concluded from simulation results of
both situations.

Conclusion: Most important advantages of proposed linear cooperative
DAGPC are its less design complexity and consequently less convergence
time compared to fully nonlinear DMPC methods, due to its online
identification of the linearized model.

©2019 JECEI. All rights reserved.

Introduction

one of the desirable approaches to deal with this

Most practical plants are nonlinear dynamic, so a precise
dynamic of the simplest systems such as a DC motor
would still be nonlinear. On the other hand, many
industrial systems are large-scale systems which consist
of several nonlinear subsystems. Controlling these
nonlinear large-scale systems is one of the most
important challenges. Model predictive control (MPC) is

Doi: 10.22061/JECEI.2020.6795.340

challenge for linear and nonlinear large-scale systems
which leads us to distributed MPC (DMPC) algorithms.
Different linear DMPC approaches namely cooperative,
non-cooperative and agent negotiation which is a kind of
cooperative approach, are theoretically investigated and
can be extended to nonlinear large-scale systems [1]
and [2]. In non-cooperative algorithms, each local
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controller optimizes its own local cost function, whereas
in cooperative algorithms, it optimizes global cost
function which is a combination of all local cost
functions [3], [4], and [5]. Dual mode DMPC is developed
based on the proximity of the state variables to the
origin. When the state variables are far from origin, the
nonlinear DMPC algorithm is considered. On the other
hand, when the state variables are in the neighborhood
of the origin, the linear DMPC algorithm is applied.
Compared to the methods in which nonlinear algorithms
are used when the states are in a neighborhood of the
origin, the computational burden is reduced using
proposed dual mode DMPC or intelligent methods like
genetic algorithm [6] and [7]. Gradient projection
optimizer is designed as a subsidiary nonlinear
nonconvex algorithm that improves the objective
function. Therefore, there would be no need for a
coordinator layer [3] and [8]. On the contrary, some
methods require coordination between their subsystems
because the subsystems are optimized
independently [8], [9], and [11]. In these methods each
subsystem  exchanges its information to its
interconnected neighbors via coordinator. In some other
approaches, the interconnection between subsystems is
considered as a constraint in each local optimization
instead of using the coordinator [12] and [13]. The
network based DMPC algorithm with multi rate sampling
is a combination approach which is designed for a
nonlinear large-scale uncertain system composed of
coupled subsystems. Local controllers are
interconnected through a network-based coordination
structure that uses iterative strategy to control the
entire large-scale system [14]. The key factor in
approaches with coordination layer or approaches in
which each local controller optimizes its cost function
separately and exchanges information to its neighbors, is
communication delay. In most of these approaches,
communication delay is considered as a constraint [15]
and [16]. A two-layer robust DMPC is another method
which is designed for nonlinear constrained systems
coupled through cost functions [17]. Each subsystem
receives information of control trajectories of its
neighbors and solves its local optimization that involves
interconnected coupling terms and computes its local
optimal control signal. Sufficient conditions for
convergence of states of all subsystems are provided in
the first layer. In the second layer, robust DMPC
approach is developed which uses a shorter prediction
horizon and also tolerates larger disturbances [18]
and [19]. Moreover, robust distributed control methods
are useful to control a group of nonlinear subsystems
being exposed to constraints of the control inputs and
external disturbances [20] and [21]. Another DMPC
approach is sequential nonlinear DMPC for constrained
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large-scale systems. In this approach, each local
controller solves its optimization problem at each
sampling time, and exchanges its information via the
communication channel to achieve the global objective
of the overall system. The performance of the proposed
nonlinear DMPC is similar to the centralized nonlinear
MPC. However, they are more effective compared to the
centralized approaches [22] and [23]. By applying the
contraction theory in DMPC algorithms, larger sampling
intervals and stronger coupling between subsystems are
addressed. The conservative conditions are also reduced
using contraction theory [24] and [25].

Hierarchical based DMPC is a useful algorithm for
uncertain large-scale systems. A two level DMPC
approach is designed based on hierarchical framework,
which takes unreliable fault information into account to
the system.

The objective is to compensate the identified actuator
faults of the subsystems which include the detected time
delays and uncertainties. In first level, faults are
recovered to maintain the design characteristics for all
subsystems. In second level, recovery process is applied
by increasing the whole system performance. The
designed distributed method satisfies the recovery
design characteristics, and also imposes lower fault
compensation and consequently, lower cost compared
to the centralized and decentralized methods [26]
and [27]. Nonlinear large-scale systems could be
controlled using both linear and nonlinear DMPC
algorithms. Linear algorithms are less complicated than
nonlinear ones. However, there are restrictions to apply
the linear algorithms for nonlinear systems. When the
nonlinearity degree is high or it has several equilibrium
points, the closed loop nonlinear system may get
unstable by applying linear algorithms.

Moreover, in all reviewed researches, the
computational burden of optimization and convergence
time are two main challenges. In this manuscript, a novel
cooperative DMPC strategy is proposed which reduces
the computational burden of optimization process and
convergence time due to its main algorithm’s
reconfiguration. Additionally, to exploit the advantages
of linear algorithms for controlling the uncertain
nonlinear large-scale systems, a new Distributed
Adaptive Generalized Predictive Control is proposed.

The remainder of current paper is organized as
follows. In second section, problem statement is given
for nonlinear interconnected large-scale systems. In
third section, the new cooperative optimization strategy
is proposed. The reconstructed distributed model
predictive controller is proposed in fourth section. Fifth
section presents the results and discussion for a
quadruple-tank system. Finally, concluding remarks are
expressed in last section.
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Problem Statement: Mathematical Model of
Nonlinear Large-Scale Systems

A. Notation

The operator |.| denotes the absolute value of a
variable. Variables «; and a;; belong to subsystem i, and
a;j denotes the interconnection between subsystem i
and its neighboring subsystem j. Function F! represents
the identified version of F. Function F(k +s) is the
prediction of F in s seconds ahead of the current time k.
Function AF(k) denotes the increment of F(k);
AF (k) = F(k) — F(k — 1).

B. Mathematical model

Consider a large-scale system with nonlinear dynamic
whose centralized model is decomposed into M coupled
subsystems. Each subsystem can be presented by the
following nonlinear continuous-time model:

250 = fi (x0,m(0,5),

where, f; is a nonlinear function, x; € R™ and
u; € R™4 present the vectors of state and input of

i=12,...M (1)

subsystem i respectively, x; € R™i presents the vector
of state of subsystem j which is the interconnected
neighboring subsystem of subsystem i, and t is the
continuous-time index. The overall dynamic, x(t), is
described as follows:

2(®) = f(x(0), u®)) (2)
where, f = [fT 51T It is assumed that f; is a
Lipschitz function. The nonlinear continuous-time model
of subsystem i, can be discretized using the following

Euler derivative approximation:

J'ci(t)=xl(k+17? x; (k) )
S

where, k is the discrete-time index and Ty is the

sampling time. Hence, according to (1) and (3), the

nonlinear discrete-time dynamic of subsystem i,

x;(k + 1), is represented as:
xi(k + 1) = hy (%00, w00, %,(0)) @

where, h; is a nonlinear function. The overall discrete-
time dynamic, x(k + 1), is represented as:

x(k + 1) = h(x(k),u(k)) (5)

In this paper, a quadruple-tank system, consisting of
four interconnected subsystems which have first order
linearized models, is analyzed using proposed approach.
Thus, each state is considered as the output of its
corresponding subsystem. As a result, the model for
each subsystem is implemented in transfer function
form.

Approach: Proposed Cooperative Optimization
Strategy

DMPC methods are divided into two main groups,

cooperative and non-cooperative, based on

communication structure between local controllers.

Unlike the non-cooperative group, in cooperative DMPC

the same centralized global cost function, which is

defined based on a combination of all cost functions, is
optimized in each local controller to consider the effect
of control input of each local controller on the entire
plant. Each local controller optimizes its own control
input by minimizing the global cost function at each
iteration, supposing that other control inputs are equal
to their last optimal values [1], [3], and [4]. In the
proposed cooperative DMPC, the global cost function
will be modified. Each local controller optimizes the
global cost function which is defined based on a convex
combination of its own cost function and the cost
function of its neighbors and not cost functions of all
other subsystems. The proposed approach assumes that
if two subsystems are not neighbors, it is not necessary
to consider their cost functions in each other’s
corresponding global cost functions. The effect of
control input of each local controller is still taken into
account on the entire plant which is mathematically
provable. The proposed idea helps us to significantly
reduce the computational burden of optimization
processes of all subsystems. The proposed cooperative

DMPC uses the following strategy:

1. All local controllers receive the state measurement
of overall large-scale system in (5) (x(k)) from the
sensors at time k.

2. Atiteration p:

2.1. Each local controller i calculates its vector of future
inputs, Uy, along the control horizon based on x (k)
and the vectors of control inputs of its neighboring
local controllers (not all other controllers) which are
constant and equal to their latest optimal input
vectors.

2.2. The neighboring local controllers exchange their

vectors of control inputs, and each local controller i
optP

+i .
2.3. According to receding horizon criteria the current
optP
i

calculates the current optimal input vector, U

is the first element of

. . 14
the current optimal input vector, Ufipt .

optimal control input u

3. If a termination condition which is considered in
corresponding global cost function, is satisfied in
current iteration, each controller i dispatches its
optimal control input to its actuators; otherwise it
willgotostep2andletp +1 - p.

4. All subsystems’ dynamics are updated
obtained optimal control inputs.

5. Whenever a new measurement of x(k) is received
from sensors, gotostep landletk + 1 - k.

Each local controller i optimizes following
optimization process in each iteration:

using
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i k
Aui(k),...,rArztlL-r(lk+Np—1)]( ) (6-a)
Uy, = [Bu; (k) . uy(k + N, — 1)]"
Subject to (5).
ui(k+s)€U,s=0,..,N,—1 (6-b)
Uy =UY T vjEM andj # i (6-c)
- 4
19:(0) — Wi, € k=D
€ [k k+ N, (6-d)
with:
J(k) = aiJ; + Z a;/; (6-€)
J
a’i,aj >0, a; + Z ij =1 (6_f)
J
and:
Np
Ji)y = ) 19: + 5) = Witk + DI,
=1
+llAu; (k +j = Dli, (7)

where, N, is the prediction horizon, and M' c M is the
set of neighboring subsystems of subsystem i. The
termination condition is represented in (6-d) where 1; is
a small enough positive constant. The termination
condition states that if the closed loop system is stable,
the prediction error tends to zero over the time.
ik +s),s=1,..,N, is the predicted output of
subsystem i which calculates via particular manner in
each linear MPC algorithm. W; is the reference
trajectory. Q; and R; are diagonal positive definite
weighting matrices of prediction errors and increment
control inputs respectively with appropriate dimensions.
To achieve global optimality, J(k) is represented as a
convex combination of subsystem i and its neighbors’
cost functions with appropriate «; and a; coefficients.

Approach: Proposed Cooperative Constrained
DMPC Algorithm

There are two key reasons for using linear algorithms
to control the nonlinear large-scale systems. First of all,
the identification of linear subsystems, based on
empirical data is a lot easier than nonlinear one.
Secondly, most industrial nonlinear systems like liquid
level control, internal temperature control of a furnace,
power system components, Arrhenius temperature
based chemical reaction and pressure control have only
one equilibrium point. Thus, they can be identified by a
precise first order linear model. On the other hand, MPC
algorithms are model based control strategies, so a
complicated model significantly increases the
computational burden of applied MPC strategy.
Considering this, in many industrial processes the first
order model is used to take advantage of the MPC useful
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characteristics.

In this paper, a reconstructed cooperative
constrained DAGPC algorithm is proposed to control
uncertain nonlinear large-scale systems. The proposed
DAGPC algorithm identifies the transfer function of first
order linearized system which actually presents the
nonlinear behavior of the plant.

A. Proposed cooperative constrained DAGPC algorithm

The linear GPC algorithm is developed based on the
transfer function model which can be applied to non-
minimum phase and unstable linear systems [28]. The
mismatch between nonlinear and linearized models will
be compensated using online identification process in
the proposed DAGPC approach. The numerator and
denominator polynomials of first order linearized version
will be identified using online RLS algorithm. The
identified polynomials, free responses of nominal
nonlinear subsystems, and GPC algorithm are applied to
the proposed cooperative optimization strategy to
calculate the optimal control trajectories. The calculated
optimal control trajectories will be applied to nominal
nonlinear system and this process iterates in the next
time sample. The free response of each nominal
nonlinear subsystem is derived from its past information
of input and output.

Assume that the
subsystem i is:

Bji(z™")
Al(z™)

identified linearized model of

Y =i Blj(z Du;(k)
Al(z™1)

yi(k) = u;(k) + (®)

where:

BiIi(Z_l) = bOii - n{)ﬁ =0

Az =1+ayz7 " >nf =1
Bjj(z™") = by, = néij =0
where, ng,, nj, and nf,ij are the orders of the identified
polynomials, A!, B); and B{j, respectively. The DAGPC
matrices will be calculated using the new identified
polynomials of linearized model and finally the optimal
control input will be obtained using these new matrices.

The proposed DAGPC algorithm solves the
optimization problem for subsystem i at each iteration p
using the novel proposed cooperative optimization
strategy in which, the new identified numerator and
denominator of linearized model of each subsystem are
calculated in the beginning of each time sample. In this
process, the cost function, which is presented in (6-a), is
being subjected to (8) which presents linearized model
with new identified numerator and denominator.

The cost function of subsystem i is represented as
matrix form as follows:

Ji = (Y = W)TQu(Y; — W) + U, ,"RU,, (9)
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in which the predicted output matrix is:

Y =0y +0[U,, + WV, (10)
where:

Jitk +1)
y, = fh-(k:+ 2)

Vilk + Np)ly
wi=[0h - 2 Q2 jELM cM
Ve, =[Us, - Uy Upp]',j# i, M c M

The local controller i analytically evaluates its closed
form solution of future optimal control trajectory by
computing the following derivative equation:

aJ;

—0-u,, = (20l +R) 2o, (W

U,
- oy - wiv.,) (12)
where:
vo=[ 2® ]
o yitk=1) (b +1)x1
[ Au; (k) ]
Aui k +1
yy =| AuerD
Law, (k + N, — 1)Jpr1
Ay, (k)
v, = | Aul(k: +1) | _ Ufj_l

Lo, (k + N, — 1)JNp><1
Similar to the conventional GPC, the predicted
output, $;(k+5s)(s=12,..N,) will be calculated
using developed CARIMA and Diophantine relations as
following procedure, assuming the delay is zero [28]:

AA{(z" )y (k) = by, Au;(k — 1)
+ Z oy, At (k — 1)

JE
+Cl (27 e (k) (12)
1= E{S(z'l)AAIi(Z'l) + Z_jFiIS(Z_l) (13)
where:
FiIS(Z—l) — fi(S'O) +ﬁ(5'1)z—1 (14)

El (z7) = ei(s'o) + ei(s'l)z_1 + -
+ ei(s's_l)z_(s_l) (15)

where, the coefficients of F/ (z7") and E/ (z7") are
calculated using the following recursive equations:

- - ,0) —
El (@Y =E (+ "2 (16)

! !
fi(s+1,s) — fi(s,s +1) fi(s'O)di(s’q.l)'S, =0,1 (17)
with following initial values:
Fl =2(1-24{(z™) (18)

¢ =1 (19)

I _
Ei1—1—>ei

where, (s =0,1) are coefficients of the

C~li(s’+1)
AAl(z™1). The future outputs are calculated using (12)

and (13) as follows:
yi(k +5) = F{ (2 y(k)

+E[ (z7") | by, Auy(k + s — 1)

+ Z boijAuj(k +s—-1)
J#i
+E/ (z7Dei(k + ) (20)
The proper estimation of y;(k + s) is its average so
the predicted outputs are obtained using the average of
v;(k + s) in (20):
Pilk +5) = G} (z7Ddu;(k +s5—1)

)6l @bk +5 = 1)

j#i
+F (z )y (k),
s=1,..,N (21)

P

GiIS(Z_l) = bOiiEiIS(Z_l)

— 1, -

= by (1+¢ "z + -

+ ei(s’s_l)z_(s_l)) (22)
Glj, (™) = bo, Bl (27

— (s1),-1

+ ei@'s—l) ) (23)
e;(k + s) is the white noise, so its average is zero.
The new DAGPC matrices of predicted output’s vector of

the form of (10), are presented with appropriate
dimensions as:

- (1,0 1,1
fi( ) fi( )
(2,0) @1
ol =| fi fi
Wp0)  (Np1)
fl fl Npx(nf,+1)
1,0
g 0 0 0
(21 (2,0)
0l = 9i gl 0 0
(Np,Np—1) (Np,Np—2) _(Np.O)J
I i t NpxNp
(1L0) _
9i - boii
s—1
(s,s-1) _
9i - _Z aivgi(s—v,s—l—v) + boii
v=1
1,0
l[ Gij 0 0 0 ]l
(2,1) (2,0) 0
| 95 g5 O I
e .
|Lg(1v,,,1vp—1) (Np.Np—2) .(l'vp,o)Jl
i i Y Np XNy
(1L,0) _
9" = boy
s—1
(s,s-1) _
gij - Z ai”gij(s—v,s—l—v) + boif
v=1
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where, gi(s’l) and gl.(f‘l) (s=1,2, ...,Np,l =01,..,N, —
1) are the coefficients of G/ (z7') and Gi’js(z‘l)
polynomials respectively.

B. Stability analysis

Since the GPC is developed based on the transfer
function, it is possible for it to obtain the closed-loop
transfer function and derive some properties such as
closed-loop stability. In (11), it is assumed that:

K, = (!)’TQLQ’ +R)_ 2o, = l ]
N XN

k.

l11 l1Np
kiNPl kiNPNP NpXNp 2
sufficient conditions for the closed-loop stability of
the system are provided next.
Theorem 1: Let the overall constrained nonlinear system
in (2) with the DMPC controller in (6), if:

|_ai1| < (1 + bOiigiz) (25)
lai, + by, 6, — 1| < 2(1 + by,6;,) (26)
hold for subsystem iwith 1+ by,.6;, > 0, and if:

|—ai1| < (1 + bOij6ij2) (27)
@i, + bo, 0y, — 1| < 2(1+ by, 513, (28)

hold for its neighboring subsystem j with 1 + bo 6;i >

ijz
0, then the dynamic of subsystem i satisfies the termlnal
condition (6-d) and the closed loop system will be stable,
where:

1,0 (Np,0)
eiz ( 111f( )+ +kl1pri b )

1,1 (Np,1)
9i3 ( lllf( ) + + kl“\]pf P )

1,0 (Np,0)
6if2 :(f l]llf( )+ +fth f ’ )

(1,1) (Np,1)
lJ3 (f Ullf +- +fUlN f g )

in which, f 1111' ...,fri’jmp are the elements of the first

row of (.(2 ) matrix.

Proof. From (11) and (24), it follows that:

Uy, = K (Wi — 0fy_, — Wiy, ) (29)
From (8), it is clear that we are dealing with a multiple

input model for each subsystem i, thus for calculating

the closed loop system the control input of subsystem i

and the control vector of its neighbouring subsystems

should be taken into consideration separately. First, the

control of subsystem i is considered, hence the

substitution u;(k) =0 and V+j =0 in (8) and (29)

respectively leads to:
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by.

yi(k) = “_7 u; (k) (30)
Uy, = KW - 0[Y_) (31)

Current increment of optimal control input of
subsystem i, Au; (k), is the first row of U, ;:
My (k) = ki, (W; — 01Y_) (32)
after being substituted from (30), (32) obtains:
1+a;

b 00 = by (Wil — OV, (33)

where, 1,\,20><1 is the column matrix in which all its

elements are one, and wl-l,\,p><1 - (D{Y_l. is expanded as:

Wily,x1 = ng—i = Wily,x1
=2+ ftz Dyl (34)
where:
fi(l.O) fi(l.l)
= ¢ [ fit=] ¢
fiovpm fiovp,l)

after being substituted from (24) and (34), (33) obtains:
1+a;,z7"
Ay; (k)

boii
=w;0;, — (6, + 0,27 )y (k)  (35)
where:
61, = (ki + -+ kiyy, )

l11

1,0 (Np,0)
6 (111f( )+ +k11Nf ’ )

913 _ ( lllf(l 1) ot kllef(Np'l))

and consequently, the closed loop transfer function is

analytically yielded as:

yi (k)

w

— 6, bo,, (36)
(1 + bo,,0,) + (ai, + bo,,0;, —1)z™' — a;,z72
Second, the control vector of neighboring subsystems

of subsystem i is considered, thus the substitution

Uy; = 0in (29) leads to:

0= K; (Wilyyua — BV, — WV, ) (37)
It is sufficient to caIcuIate only the effect of one of the

neighboring inputs and extend the result to the rest of
them, i. e., the control of subsystem j is considered and

set all other elements of V+j to zero, thus the
substitution ui(k) = 0in (8) leads to:

yik) = 7= (k) (38)
and also (37) Iead to:

0 = K; (wilyyxs — O1Y_, — 04U, ) (39)
itis clear that:

wily,x1 — OiY-, — Qz!jU+j =0 (40)
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the control trajectory of subsystem j, U+j, yields:

-1
U= (2) 7 (Wilyyea — 91V, (41)
where:
1 1
frij = i,
I .
(QU I I
FTijng Fijnpn, o

Current increment of optimal control
subsystem j, Au;(k), is the first row of U+J.:

(k) = fr((2)7) (Wilyysa — 91, (42)

where, fr((.()f]- _1) indicates the first row of the

input of

(.Q{]- ! and after the substitution, (42) leads to:
Au](k) = [friljll o fri[]’le] (Wilexl
— (F° + frz (k) (43)

From (38) and (43), it follows that:

-1
——Ayi(k)

= w;bij,

— (83, + 61j,27 " )yi(K) (44)
where:

611] = frl

Y11

bt frl,

1,0) (Np,0)
5 = (Pl i + o i )

65 — (friljllfi(l,l) + ot fTinlef;(Np.l))
the closed loop transfer function is analytically yielded
as:
)
Wi
6ij1b0i]- (45)

(1+ bo; 85, ) + (@i, + by, 87, — 1) 271 = ay,z

Remark 1. The closed-loop transfer function in (45) holds
for all other elements of V+]..

Therefore, based on (36), (45), and remark 1, the

overall characteristic equation is obtained as follows:
!

M
0™ = ) x| ey (46)
j=1

J#i
where, Q;(z™") and Q;;(z™") are denominators of
(36) and (45) respectively. The closed loop stability
conditions are investigated by applying the Jury criteria
for following equations:

Qi(z™") = qu, + qi1,z7" — quy, 2> (47)

Qij(z™") =qy, + q;;,z7" — q1;,27% Vj

=1,..,M'(j #i) (48)

where:

i, = (1 + by,0;,

Qit, = (@i, +bo0i, — 1)
Qiiy = 9ij, = (_ail)

qij, = (1 + boijaijz)

ijy, = (% + bo;;6ij; — 1)
First, Q;(z™1) is investigated. According to Jury
criteria, the necessary and sufficient conditions for the

polynomial Q;(z™1) to have no roots outside or on the
unit circle are:

Qi (1) >0 (49)
Qu(-1)>0 (50)
|qii0| < qij, (51)
leiio| > le, | (52)
Gy, >0 (53)
where:
0 = Qii, i, o qii,  4ii,
o = |G, i’ ™™ ~ G, qiiy
Inequality (51) holds if inequality (53) holds.
Inequalities (49), (50) and (52) are represented as:
Giiy + qii, + i, >0 (54)
Qiiy — 9ii, + i, > 0 (55)
2 2
|(qiio) - (qu,) | > |qii1(qu'0 - qus,)| (56)
From inequality (56) we have:
|qii1| < |Qiio + Clii2| (57)

From (54) and (54) it follows that g;;, + q;;, > 0, so
the inequality (57) leads to:

|9, | < qui, + i, (58)
after being substituted from (51), inequality (58) yields:
|qii1| < 2qy, (59)

So, the necessary and sufficient conditions for the
polynomial Q;;(z™1) to have no roots outside or in the
unit circle, with q;;, > 0, are:

|Qiio| < i, (60)
|l9ii, | < 2qu, (61)

The necessary and sufficient conditions for the
Qij(z™"),j =1,..,M'(j # i) in order not to have roots
outside or on the unit circle, with gq;;, > 0, are inspired

from the above mentioned procedure of Q;;(z71) and
are represented as:

Qij,| < 4ij, (62)

|aij,| < 243, (63)
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forj=1,..,M'(j # i). This complete the proof.

Results and Discussion

A quadruple-tank system is taken into account as a
nonlinear interconnected large-scale system which
consists of four coupled subsystems to demonstrate the
performance and effectiveness of the proposed
cooperative DAGPC algorithm. The proposed algorithm is
developed based on transfer function model. Thus, each
state variable that denotes height of water in
corresponding tank is considered as the output of the
corresponding subsystem (k.= 1) [6]. Hence, the
following continuous-time implementation is considered

as:
yl(t)———JZgyl(tH JZgyg(t)+ nla ul(t)
Y2(t) = —_\/Zgyz(t) + \/Zgn(t) L2 k uz(t)
y3(t) = —A— 2gy;(t) + %uz(o
50 = =5 293, ® + S

The discrete-time model can be obtained using Euler
derivative approximation, presented in (3), and sampling
time T;:
itk +1) =y, (k)

+ (1/47) (~a 29, )
as/2gys(k) + Y1k1u1(k))

y2(k + 1) =y, (k)

+ (1/45) (—an/297,00
+ ag/ 29y, (k) + v kou, (k))

y3(k +1) = ys(k)

+ (Ts/A3) (—asv 2gy3(k)
+ (1= 1)k (0))
yalk +1) = (k)

+ (Ts/As) (—a4v 29y.(k)

+ (1 =k K)

where, y; (i = 1,...,4) is the output of the subsystem i
which presents its water level, and u; (i = 1,2) is the
control input which presents input voltage to the pump
i. Definitions of a;,4;, (i =1,..,4), vi,k; (i = 1,2) and
g are given in [6]. Typical experimental values of
parameters are given in [29] as:

A, = A; = 28 cm?

Az = A4 = 32 sz

a, = az = 0.071 cm?
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a, = a, = 0.057 cm?
g =981 cm/s?
(ky, k) = (3.33,3.35) cm®/Vs
(y1,v2) = (0.7,0.6)

The quadruple-tank system is
following set-points:

investigated with

y; =125cm
y; =127 cm
y; =145cm
vi=16cm

According to experimental data, above mentioned
k;,v; and set-point values are related to minimum-phase
model of the quadruple-tank system [29].

Following constraint is imposed to control inputs:
0<u;<6,i=1,2

The objective of the control process is to maintain the
water levels at the set-points. The prediction horizon is
5, the weighting matrices are Q; = 1and R; = 4, the
sampling time is T = 0.1, and the initial water levels are
considered to be zero. The linearized models of
subsystems are identified with first order models. The
simulation results of predicted outputs of subsystems
are illustrated in Fig. 1, Fig. 2, Fig. 3, and Fig. 4.

0 10 20 30 40 50 60 70 80 90 100
Time (Second)
Fig. 1: The predicted output of subsystem 1.

14

101 ]

0 10 20 30 40 50 60 70 80 a0 100
Time (Second)

Fig. 2: The predicted output of subsystem 2.
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proposed method, in

this paper, decreases the

convergence times compared to the conventional

6.

Ya

05 H

80 70 80 90 100

30 40 50 60 70
Time (Second)

Fig. 3: The predicted output of subsystem 3.

80 90 100

: ) ) 30 40 50 6 70
Time (Second)

Fig. 4: The predicted output of subsystem 4.

It can be concluded that the proposed cooperative
DAGPC algorithm leads to stable and feasible responses
which solve proposed cooperative optimization strategy
at each time instant. Based on the proposed cooperative
optimization strategy, each local controller solves a
global cost function that is a convex combination of its
own and its neighboring subsystems’ cost functions. For
example, in quadruple-tank system, subsystem 1 is
neighbor to the subsystem 3, but not to the subsystems
2 and 4. Thus, the corresponding global cost function
which is minimized in local controller of subsystem 1 is

defined as:
] =41 +asfs, a;+az =1
while this global cost function, in conventional

cooperative DMPCs, is defined based on all four

subsystems [1], [3], and [4]:

J=h+t+t]s+]s
Thus, it is expected to decrease the computational

burden of optimization and convergence time using
proposed cooperative optimization strategy. Simulation
results of predicted outputs of subsystems 1 and 2, are
illustrated in Fig. 5 and Fig. 6 respectively using
conventional cooperative DMPC, proposed in [1], [3],
and [4]. It is clear from Fig. 1 and Fig. 2 that the

25
cooperative DMPC which are illustrated in Fig. 5 and Fig.

o
—_

80 100

0 0 20 30 40 50 &0 70 80
Time (Second)

: The predicted output of subsystem 1, using the
conventional DMPC.

Yz
®

0 10 20 30 40 50 60 70 80 20 100

Time (Second)

Fig. 6: The predicted output of subsystem 2, using the
conventional DMPC.

In [6], the dual mode DMPC approach is proposed to
investigate the quadruple-tank system. According to
simulation results which are depicted in Fig. 1, Fig. 2, Fig.
3, and Fig. 4, convergence times of predicted outputs are
decreased using proposed approach, in this paper, in
comparison with the results which are presented in [6].
Because the proposed Cooperative DAGPC method in
this paper is based on transfer function model of the
the state variable of each subsystem s

system,
the output of the corresponding

considered as

subsystem.
Now, the proposed approach is examined when an

uncertainty is applied. Assuming that in t = 60 (sec)
coefficients of corresponding pumps’ flows change to

following new values:
(kW krew) = (3.14,3.29) cm?/Vs
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in which, according to the experimental data, above
mentioned new coefficients are related to nonminimum-
phase model of the quadruple-tank system [29]. The
simulation results of predicted outputs of uncertain
subsystems are drawn in Fig. 7, Fig. 8, Fig. 9, and Fig. 10.
The results emphasize performance and effectiveness of
proposed algorithm in dealing with the uncertainty
which represents the nonminimum-phase specifications
of the quadruple-tank system. Although responses
fluctuate when the uncertainties are imposed, they
quickly converge back to their set-points.

=)

0 20 40 80 80 100 120
Time (Second)

Fig. 7: The predicted output of uncertain subsystem 1.

0 20 40 60 80 100 120
Time (Second)

Fig. 8: The predicted output of uncertain subsystem 2.

25

0 20 40 80 80 100 120
Time (Second)

Fig. 9: The predicted output of uncertain subsystem 3.
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25

0 20 4an 60 80 100 120
Time (Second})

Fig. 10: The predicted output of uncertain subsystem 4.

Conclusion

In this paper a novel cooperative DMPC strategy is
proposed which improves the global cost function of
each local controller. In proposed strategy, each local
controller optimizes the global cost function that is a
convex combination of its own and its neighboring
subsystems’ cost functions. So the computational
burden of optimization and convergence time is reduced
compared to conventional cooperative DMPC methods.
Because, in these conventional cooperative DMPCs, each
local controller optimizes the global cost function which
is defined as a combination of its own and all other
subsystems’ cost functions. A linear distributed model
predictive controller; DAGPC is presented which employs
the proposed cooperative optimization strategy to
control the uncertain coupled nonlinear large-scale
systems. The simulation results of a quadruple-tank
system consisting of four interconnected nonlinear
subsystems with and without imposed uncertainty
indicate the performance of the proposed approach.
According to simulation results, proposed cooperative
DAGPC algorithm leads to stable and feasible responses
for both certain and uncertain models in which the
imposed uncertainty represents the nonminimum-phase
specifications of the quadruple-tank system.
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J Cost function

N, Prediction horizon

Continuous-time index

Discrete-time index

Ts Sampling time

Al Identified version of A

y Predicted of y

Y; Value of each individual observation
Y, Predicted value
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