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Abstract. Take Q) to be a set with n > 8 elements, and set V = P4(Q) to be the collection of all
4-element subsets of Q. Fori =0,1,2,3, let G(n,4,i) be the graph with vertex set V, where two vertices
are adjacent precisely when their intersection has cardinality i. This graph is referred to as the uniform
subset graph. Let A;(n) represent the adjacency matrix associated with G(n,4,i). In this work, we
investigate the binary codes C;(n) arising from the row space of A;(n), determine their parameters,
and establish the relationships between C;(n) and Cj(n)* for i,j € {0,1,2,3}.
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1 Introduction

Let FJ be the n-dimensional vector space over the finite field GF(g). A linear code C is
defined as a subspace of F}', whose elements are referred to as codewords. For a codeword, its
weight is the number of nonzero entries in its coordinate representation. The smallest weight
attained by a nonzero codeword is denoted by w. A linear code C is represented as [n,k, d]q,
where k = dim(C) and d is the minimum distance. It is well known that for linear codes, w = d.
A generator matrix for C is a k X n matrix whose rows constitute a basis of C. The dual code is
Ct={ve FJ|v-u=0forallu € C}. The support of a codeword c consists of the positions
where ¢ has nonzero entries. The all-one vector is denoted by j. For fundamental concepts and
notation, we follow [5].

Let () be an n-set (wWhose elements are called points). The collection of all k-subsets of ()
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is denoted by P(Q)). A pair D = (Q),B), where f C P,(Q) has size b (the blocks), is called a
t-(n,k,A) design if every t-subset of () occurs in exactly A blocks [1]]. The incidence matrix of
Disa b x n matrix A = (a;;), where a;; = 1 when the i-th block contains the j-th point, and
0 otherwise. Note that A depends on the ordering of blocks and points. The code C¢(D) is
the F-span of the rows of the incidence matrix over a finite field F. Equivalently; it is the row
space of the incidence matrix. For S C (), let v° denote its incidence vector, with v used
when S = {P}. Thus Cr(D) = (v® | B € B), a subspace of F,. When F = F,, we write C,(D)
for Cr(D).

Let O = {vy,...,v,}. A simple graph G of order n is a pair G = ((),E) with E C P,(Q).
The graph has vertex set () and edge set E. Two distinct vertices u and v are connected by an
edge precisely when {u,v} € E. For each vertex v, its degree is given by the number of vertices
adjacent to it. A graph is called regular when every vertex has the same degree. If the vertices
of G are labeled as vy, ...,v,, we write its adjacency matrix as A(G) = (aij), where ajj specifies
the number of edges joining v; and v;.

Key, Moori, and Rodrigues investigated a family of regular graphs and examined binary
codes derived from their adjacency matrices [6,7]. They subsequently studied triple codes
associated with these graphs [8]. Let ) have size n with n > 8, and let V = Q®) be the set
of all 4-subsets of (). For i =0,1,2,3, the graph G(#,4,7) has vertex set V, with two vertices
adjacent exactly when their intersection has size i. This graph is known as the uniform subset
graph [2,4]. We write A;(n) for its adjacency matrix. In this paper, we analyze the codes
Ci(n) arising from the row space of A;(n), determine their parameters, and establish the
relationships between C;(n) and Cj(n)L fori,j=0,1,2,3. See also [3,9].

2 Results

We begin by introducing some definitions and notation. For eachi € {0,1,2,3},let D;(n) be
the 1-design defined on the point set P from the matrix A;(n). To each point P = {a,b,c,d} € P,
we assign a block

{a,b,c,d}; =P;={{w,x,y,z} € P||{w,x,y,z} N{a,b,c,d}| =i}.

The binary incidence vector of the block P; = {a,b,c,d}; fori=0,1,2,3 is given by

vPo = Zw,x,y,ze()* V{w,x,y,z},
P, _ w,X,Y,Z
vl = Zwe{u,b,c,d} V{ Y }/
B x,,2€Q)*
P, w,x,y,z
vz = Zw,xe{/z,b,c,d} V{ Y },
B y,zeQ)*
P —_— 11 r
V3 = Zw,x,ye{a,b,c,d} viwxy Z}/
ze()*

where O* = O\ {a,b,c,d}. Moreover,
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]' _ 1/{a,b,c,d} + V{u,b,c,d}o + 1/{a,b,c,d}l + 1/{a,b,c,d}?_ + 1/{a,b,c,r;l}3‘

Definition 2.1. For a given point P = {a,b,c,d} € P and for each D;(n), define the vector

wp=) o,

Pebi

(1)

()

where the b;’s are the blocks of D;(n). For an arbitrary point Q € ‘P, the coordinate wp(Q) of wp

at Q is given as follows:

e 1 =0
1. IfP = Q, then wp(Q) = ("} ).
2. If|IPN Q| =3, then wp(Q) = (";°), with 4(",*) such Q’s
3. IfIPN Q| =2, then wp(Q) = (",°), with 6(";*) such Q’s
4. If|[PN Q| =1, then wp(Q) = (",7), with 4("3*) such Q’s
5. IfF|IPN Q| =0, then wp(Q) = (", %), with (",*) such Q’s.
o 1 =1:
1. If P = Q, then wp(Q) = 4("3%).
2. If IPN Q| =3, then wp(Q) =3("3°) + (;°)
3. IFIPN Q| =2, then wp(Q) =2("3°) +4(",°)
4. IfIPN Q| =1, then wp(Q) = ("37) +9(";7)
5. If|[PN Q| =0, then wp(Q) = 16(",").

1. IfP=Q, then wp(Q) =6
2. If[IPN Q| =3, then wp

4. If PN Q| =1, then wp

(
(Q) =
3. If|[PN Q| =2, then wp(Q) = (",°) +8(n — 6) + 1.
(Q) =
5. IfIPNQ| =0, then wp(Q) =
e =23

1. If P = Q, then wp(Q) = 4(

2. If[IPN Q| =3, then wp(Q) =n —
3. If[IPN Q| =2, then wp(Q) = 4.
4. If [IPN Q| =1, then wp(Q) = 0.

237



Bahmani et al. / Journal of Discrete Mathematics and Its Applications 11 (2026)
5. If|[IPNQ| =0, then wp(Q) = 0.
The preceding definition and observations lead to the following two lemmas.

Lemma 2.2. Let P = {a,b,c,d} € P. Then:

1. Ifn=0 (mod 4):
(a) In Co(n): forn=0 (mod 8), wp =v"; forn=4 (mod 8), wp =j — V7.

(b) In Cy(n), Cy(n), and Cz(n), wp = 0.
2. Ifn=1 (mod 4):

(@) InCo(n): forn=1 (mod 8), wp =vP + vt} forn =5 (mod 8), wp =vitbedys 4
y{arb/C,d}l + V{a,b,c,d}o'

(b) In Cl(n), wp = VWL

(C) In Cz(n), wp = VW;

(d) InCs(n), wp = ylabedls,

3. Ifn=2 (mod 4):

(a) In Co(n): for n =2 (mod 8), wp = vF + viebedts L ylabedhs: for =6 (mod 8),
wp = U{a,b,c,d}l + 1/{a,b,c,d}o_

(b) In Cy(n), wp =0,

(c) In Cz(Tl), wp = V{a bc,d}s +V{a,b,c,d}2 +V{a,b,c,d}1.

—

(d) InC3( ) (Up—O

4. If n=3 (mod 4):

(a) In Co(n): for n =3 (mod 8), wp = v¥ +viabedls L ylabedl, o plabedh, 6 =7
(mod 8), wp = vi®bedko,

):
)
(b) In C1(n), wp = plabedls,
)
)

(C) In Cz(n , Wp —]/{ﬂde}C’) +U{ade}2 _|_1/{ade}1'
(d) In Cg(Tl ,wp—y{”de}3

Proof. For part1(a), wheni=0and n =0 (mod 8), we have wp(Q) =1 (mod 2) when P = Q,

and wp(Q) =0 (mod 2) when |[PN Q| =0,1,2,3. Hence wp =v". When n =4 (mod 8),
wp(Q) =0 (mod 2) when P = Q, and wp(Q) =1 (mod 2) otherwise, giving wp = j — vF.
For part 1(b), in C;(n), Co(n), and C3(n), wp(Q) =0 (mod 2) for all cases, so wp = 0. The

remaining cases follow similarly. ]

Lemma 2.3. For everyn > 8:
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1. Ifn=0 (mod 4):

e Whenn=0 (mod 8), Co(n) =EFJ.
* Whenn=4 (mod 8), dimCy(n) = (}) — 1 and Co(n) = (j)=.

2. Forn=1 (mod 4), C;(n) C Cy(n). When n=1 (mod 8), Co(n) + C3(n) = FJ. When
n=>5 (mod 8), Co(n) + Ca() = (-

3. Forn =2 (mod 4), C;(n) C Co(n). When n=2 (mod 8), Co(n) + Ca(n) = FJ. When
n=6 (mod 8), Cy(n) + Ca(n) = (j)*.

4. For n =3 (mod 4), C3(n) C Cy(n). When n=3 (mod 8), Co(n) + Ca(n) = FJ. When
n=7 (mod 8), Co(n) + Ca(n) = (j)*.

Proof. For n =0 (mod 8), we have wp = v’ in Co(n), so Cp(n) contains all weight-1 vectors
and hence Co(n) = F}. Forn =4 (mod 8), wp =j —v¥,s0 dimCo(n) = (}) — 1. Since (";*) i

4

even, all rows of Ap(n) have even weight, and since (},) is odd, j has odd we1ght soj ¢ Co(n).
Also j is orthogonal to all rows of Ag(1), hence j € Co(n)* and Cy(n) = {j)*. The other cases

are analogous.

Definition 2.4. For distinct points a,b,c € (), define

o= Y vl

x,y,z€O\{a}
w(ab):= Y viebaw
xyeO\{a,b}
w(a,b,c):= Z plabext,
xeO\{ab,c}

The weights of w(a), w(a,b), and w(a,b,c) are respectively (”gl), (”;2), and (n — 3). Define

Wi = (w(a)), Wr:={w(a,b)), Ws:=(w(ab,c)).
Lemma 2.5. We have:
1. W1 C W,, Wy € W3, and dim(W;p) =n — 1.
2. dim(W,) = (5) — 1.
3. dim(Ws) = (3).
4. dim(W, + W3) = (3) — 1and Wo N W3 = W;.
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Proof. (1) Since }rc {a) w(4,X) = w(a), we have Wy C W,. Also ¥ e (ay w(a,X,y) = w(a),
so Wi € Ws. Since Y ,cqw(a) =4j =0, we have dim(W;) <n —1. Let w(n) = Y, 2, w(a)
and suppose Y, a;w(i) = 0 with &, = 0. Then for all i,j,k,I € Q, the coefficient of v{#/4H} is
a; +oj+ o +a; =0. For viiikn} the coefficient is a; + aj + ax = 0, implying &) = 0. Thus all
coefficients vanish and dim(W;) =n — 1.

(2) There are (7) vectors of the form w(a,b). Since Y, yeqw(a,b) =6j=0,letw(n —1,n) =
Y{apt£{n—1,ny w(a,b) and suppose }; ;a; jw (i, j) = 0 with a1, = 0. The coefficient of pliikl}
is ajj +ajx +aj; +ajr +aj; + ax; = 0. By considering sums of coefficients for ylabed}
ylabee} and ylbedel  we geta, g +age +ap.+a5,=0. Setting b=n —1 and ¢ = n gives
Qpg+ Kae+ a4, =0,and forall b,c € Q\ {a,d, e}, a;, = 0. Repeating this argument shows

all remaining coefficients are zero. Hence these (5) — 1 vectors are linearly independent and

dim(W;) = (3) — 1.

(3) There are (3) vectors of the form w(a,b,c). Form a matrix of size (”gl) x () whose
columns are indexed by 4-subsets and rows by w(a,b,c). Order the columns as {n —
3n—2,n—1,n},...,{1,3,4,n},{1,2,n —1,n},...,{1,2,4,n},{1,2,3,n} and the rows as w(n —
3n—2n-1),..,w(1,34),w(l,2,n-1),...,w(1,24),w(1,23). The resulting matrix is the
identity matrix. Therefore dim(W3) > (”gl), and since any other vector in Wj is of the form
w(a,b,n) =Y, sqpnw(a,b,x), wegetdim(Wz) = (”51)

(4) Each w(a,n) can be written as Y., ,(w(a,x,y) + w(a,x)) = u. Points forming
P={a,b,c,n} € supp(w(a,n)) appear in the support of w(a,c), w(a,b), and w(a,b,c), hence
P e supp(u). Points Q = {a,b,c,d} ¢ supp(w(a,n)) appearinw(a,b), w(a,c), w(b,c), w(a,b,c),
w(a,b,d), w(a,c,d), so Q ¢ supp(u). Other points are not in the support of w(a,n) or any
constituent vectors of u. Thus supp(w(a,n)) = supp(u), so u = w(a,n). We also have

Za,b,CEQ\{n}(w(a/ b,C) + w(a/b)) = 102a,b,c,d€0\{n} ylabedy + 4Za,b,c€Q\{n} viebent =0,

Thus w(n —2,n — 1) is dependent on other vectors and dim(W, + W3) < (5) =1 —n +
("31) = (4) — 1. Consider a linear combination of these (%) — 1 vectors with a, 5,1 = 0:
Yoapeco\n} (@ap,cw(a,b,c) +agpw(a, b)) =0. The coefficient of each plidkl} s ik + i)+
Wil + @+ agj+ aig + o+ ajp+ a4+ o = 0. Summing the coefficients of ylacde}
U{a,b,d,e}’ and vinbeeh givesa, o g+ apca+ Qacet peet Xadet dpget dcgtcetagy+ag,=
0. The coefficient of vi#ben} is Qgpe+ Qg+ ayp + & = 0. Substituting yields a. 4+ a, ), +
Ko+ oce=0. Takinga=n—2,b=n—1givesa.g+ace+a5,=0and a,, =a, 2,1 =0.
Thus fora,b € Q\ {c,d,e}, a,, = 0. The other w;j are similarly zero, implying all a; ; = 0. It
follows that the (3) — 1 vectors are linearly independent, and therefore dim (W, + Ws) = (5) — 1.
Also since dim(Wy N W;) =n — 1 = dim(W;) and Wy C W, N W3, we have W, N W3 = W;. [

Lemma 2.6. For each n > 8 and distinct points a,b,c € Q):
(1) w(a,b) € Co(n)* iffn =2,3 (mod 4); w(a,b,c) € Co(n)* iff n =1,3 (mod 4).
(2) w(a,b) € Ci(n)*iffn=1,2 (mod 4); w(a,b,c) € C1(n)* iff n=0,2 (mod 4).
(3) w(a,b) € Co(n)*tiff n=1 (mod 4); for all n, w(a,b,c) & Ca(n)=*.
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(4) w(a,b,c) € C3(n)*ifn=0,2 (mod 4); for all n, w(a,b) ¢ Cs(n)=.

Proof. We determine the conditions under which the inner product of w(a,b) or w(a,b,c) with
a row of the incidence matrix vanishes modulo 2.

(1) For Co(n) and w(a,b): If |{a,b} N {c,d,e, f}| =2 or 1, there are no common 1 entries. If
[{a,b} N {c,d,e,f}| =0, then w(a,b) - vicdefto = ("), which is zero when n = 2,3 (mod 4).
Forw(a,b,c): If|{a,b,c} N{d,e, f,g}| =1,2,3, there are no common 1 entries. If the intersection

is empty, then w(a,b,c) - videfgto = n — 7, which is zero for n = 1,3 (mod 4).

(3) The vectors vlaefgh e C, (n) and w(a,b,c) have 1’s only at positions {a,b,c,e}, {a,b,c, f },
and {a,b,c,g}. Thus their inner product is not zero modulo 2, so w(a,b,c) ¢ Co(n)*. The other
cases are proved similarly. O

Note that if n =4 (mod 8), then Co(n) = (j)*. Therefore, Co(n) = [(}),(}) — 1,2]2.

Theorem 2.7. If n is odd and n > 8, then C3(n) = [(}), ("3"),n — 3]2. If n is even, then C3(n) =
(1), ("3%),4(n —4))2.

Proof. Let n be odd. Each row of the incidence matrix of D3(n) can be written as

viebedls — w(a,b,c) + w(a,b,d) + w(a,c,d) + w(b,c,d). 3)
Thus C3(n) € W3(n). Since n is odd,

) plabexts — (n—4) ) plabext o Y. ylidxyt — ) oot = w(a,b,c).
x#a,b,c x#a,b,c ije{ab,c} xeO\{ab,c}
x,y#{ab,c}

Therefore W3(n) C C3(n), so Ws(n) = C3(n). By Lemma dim(Cs(n)) = ("3"). Each
row of the incidence matrix of W3(n) has weight n — 3. Suppose a linear combination
of r vectors of the form {w(a,b,x) | x € O\ {a,b,n}} has weight less than n — 3. Then
r(n —3) —2(;) <n—3, implying r <1 or r > n — 3, both impossible since r < n — 3. Thus
w(Cs(n)) =n —3and C3(n) =[(}),("3"),n — 3]o. For even 1, a similar argument as in Lemma
gives dim(Cs(n)) = (”52), and the minimum weight is given in [4]. O

Theorem 2.8. If n > 8, then C1(n) C C3(n). If n =0,3 (mod 4), then Cy(n) = C3(n).
Proof. For every {a,b,c,d, e},

V{a,b,c,d}l _ Z 1/{a,e,x,y}3 + 1/{b,e,x,y}3 + 1/{c,e,x,y}g’ + 1/{¢7Z,e,x,y}3> )
x,y#a,b,cd,e
Hence C1(n) C C3(n). If n =3 (mod 4), Lemma[.3|gives C3(n) C Ci(n), so equality holds.
If n=0 (mod 4), for every {a,b,c,d,e},

Z 1/{u,x,y,z}l + 1/{b,x,y,z}l + 1/{c,x,y,z}l + V{d,x,y,zh) _ V{a,b,c,d}g,.
xy,z€O\{a,b,c,d,e}
Thus C3(n) C C1(n) and equality holds. O
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Theorem 2.9. If n =0 (mod 4), then C1(n) = [(}),("3%),4(n —4)]o. If n =3 (mod 4), then
Ci(n) =[(}),("3"),n— 3.
Proof. This follows directly from Theorems[2.7]and O

Theorem 2.10. If n =1 (mod 4), then Cy(n) = [(3),(5) — (5)]2. f n =2 (mod 4), then C;(n) =
(D, ("3 = ("))

Proof. First, we show that Cf contains weight-5 codewords. Let As = {a,b,c,d, e} be a 5-subset
of O). Consider

u(As) = viobedr ylabeet | ylabder oy facde} oibede},
If u(As) lwryh =k (mod 2), then:
o If [{w,x,y,2} NAs| =4,3,0r 0, then k = 0.
o If [{w,x,y,z} NAs| =2,say {w,x,y,z} ={a,b,y,z}, then k = 2.
o If [{w,x,y,2} NAs| =1, say {w,x,y,z} = {a,x,y,z}, then k = 4.

Thus u(As) € C{-(n). Now dim(u(As)) = (", ). Consider the matrix of order (”Zl) x (3)
with columns indexed by points and rows indexed by #(As). The resulting matrix is the
identity, so dim(u(As)) > (", '). Other weight-5 codewords satisfy the same relation, hence
dim(u(As)) = (";1) and dim(C{-()) > ("} ).

Ifn=1 (mod 4), Lemmaglves w(a,b) € C{(n). The n — 1 independent vectors

w(1,n),w(2,n),...,w(n —1,n) have no 1’s in their (" ;1) corresponding entries, so they are
independent of the we1ght-5 codewords. Thus dim(Ci-(n)) > (" 41) + (n—1), giving
dim(Cy(n)) < ("3") — (n —1). Also, for O’ = Q\ {a,b,c},

Yo vlebeh 4 w(a) + w(b) + w(c) = w(a,b,c).
x#a,b,c
Thus Cy(n) + Wi = W3, so dim(Cq(n)) > (”51) — (n —1). Hence equality holds and
dim(Ci(n)) = ("31) = (n=1) = (5) = (3).
If n=2 (mod 4), Lemma 2.6/ gives w(a,b) and w(a,b,c) € Ci-(n). The (”;2) vectors of
the form w(a,b,c) and n — 2 vectors of the form w(a,n) (where a,b € Q\ {n —1,n}) are

linearly independent by Lemma [2.5{and have no 1’s in their (" 21) corresponding entries. Thus
dim(C{-(n)) > ("} + ("}1), giving dim(Cy(n)) < ("3") — (*}1). Fora,b,c € Q\ {n — 1,1},

plaben=1ls — o(a,b,c) + w(a,byn — 1) + w(a,c,n — 1) + w(b,c,n — 1).

ThenCy(n) + (w(1) + w(n —1),w(2) + w(n —1),...,w(n —2) + w(n—1)) = C3(n). Hence
dim(Cy(n)) > ("3%) — (n —2) = ("3") — ("}'), proving the claim. O

Theorem 2.11. Ifn =1 (mod 8), then Co(n) = [(}), (", 1,5],. If n =5 (mod 8), then Co(n) =
(D), ("4 =12
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Proof. By Theorem [2.7 . if n=1 (mod 4), then w(a,b,c) € Cy(n) and C3(n) = Ws(n), so
Cs3(n) CCy(n). f n=1 (mod 8), Lemma.glves Co(n) + C3(n) = F} and Cy (n) = C3(n).
Hence dim(Cy (n)) = dim(Cs(n)) = ("5 1, dim(Cg-(n) N Co(n)) = 0, and dim(Cy(n)) = (”;1).
The weight-5 codeword

1/{tz,b,c,al,e} _ V{a,b,c,d} + 1/{a,b,c,e} + V{a,b,d,e} + V{a,c,d,e} + 1/{b,c,al,e}

lies in Cy(n). For n =9, SageMath confirms w(Cy(n)) =5; for n > 9, it is known [8] that
w(Co(n)) > 5. Thus w(Co(n)) =5. If n =5 (mod 8), then the weight of w(a,b,c) isn —3
(even), and the weight of j is () (odd). Therefore j & Ws(n) = C3(n). We have j € C5(n),
j ¢ Co(n),and j € Cy (n). By Lemma. Co(n + C3( ) +j=FF. Since C3(n) +j C Ci-(n),

we get Co(n) + Cy (n) = FJ and (Cs(n) + j) = C5-(n). Hence dim(Cop(n)) = (”Zl) —1 and
dim(Cy-(n)) = ("3") + 1. O
Theorem 2.12. If n =3 (mod 4) and n > 11, then Cy(n) = [(};),(3) — 1]2. Ifn =3 (mod 8), then

Con) = [(1), (1) — () + 1. Ifn =7 (mod 8), then Co(n) = [(1), (1) — (2]
Proof. Forn > 8and alla,b,c,d € Q),

vivbedts — w(a,b) + w(a,c) + w(b,c) + w(a,d) + w(b,d) + w(c,d)
+ w(a,b,c) + w(a,b,d) + w(a,c,d) + w(b,cd). (1)

Thus Co(n) € (W, 4 W3) and dim(Cy(n)) < (5) — 1. For n =3 (mod 4), we show C(n) C
Co(n)t. If viabedly ylefghty = k (mod 2):

e If |[{a,b,c,d} N{e, f,g,h}| =3 or4,thenk=0.

e If the intersection size is 2, say {e, f,g,h} = {a,b,g,h}, then the common 1’s occur at
entries {c,d,x,y} with x,y # a,b,c,d, g, h. The count is (”56), which is 0 (mod 2) when
n=3 (mod 4).

e If the intersection size is 1, k = 3(",7) =0 (mod 2).

e If the intersection is empty, k = 6(",%) =0 (mod 2).

Thus Cy(n) C Co(n)*. If n =3 (mod 8), Lemmagives Co(n) + Ca(n) = FJ, s0 Co(n) N
Co(n)t = {0} and Cy(n) = Co(n)*. If n =7 (mod 8), then Co(n) + Ca(n) + j = FJ. Since
j€ Co(n)t, j & Co(n), and j & Co(n), we have j + Ca(n) = Co(n)*. Since Wy, W3 C Co(n)",
Lemma 2.5 gives dim(Co(n)*) > dim(W, + Ws) = (3) — 1. Therefore, for n =3 (mod 8),
dim(Co(n)) = (3) — (3) + L and dim(Cy(n)) = (3) — 1. Forn =7 (mod 8), since W, has even-
weight codewords and W3 has odd-weight codewords, j ¢ (W, + W3). Hence dim(Cy(n)) =
(3) =1, W+ W3 C Cy(n), and j € Cy(n). This gives dim(Cy (1)) = (3), dim(Co(n)) = () — (3),

4 3

and dim(Co(n)*) = (3). O
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Theorem 2.13. If n =2 (mod 8), then Co(n) = [(}),(;) — (3) +1]2. If n =6 (mod 8), then
Co(n) = [(3), () — @]z

Proof. By Lemma 2.6, W, C Co(1)*. Clearly,

w' = viebedts L ylabedls — o(a,b) + w(a,c) + w(b,c) + w(a,d) + w(b,d) + w(c,d) € W,.

Let P = {a,b,c,d} and n =2 (mod 8). By Lemma w' + wp = v € W, + Cy(n), so
Co(n) + Wy = FJ. Thus Cy(n)+ = W, and dim(Cy(1) N Cy(n)+) = 0, giving dim(Cy(n)+) =
(5) —1 and dim(Cy(n)) = (}) — (3) + 1. If n =6 (mod 8), then j ¢ Co(n) and j ¢ Wy, but
j€Co(n)*t. By Lemma wp + (W' +j) =vP € Co(n) + (Wa + ), 50 Co(n) + (Wp + j) = FJ.
Therefore Co(n)+ = (W, + j), dim(Co(n)*1) = (3), and dim(Co(n)) = (}) — (5)- O

Theorem 2.14. If n =2 (mod 4), then Ca(n) = [(}), (%) — (", )]2.

Proof. From equations (3) and (T)),

vlabedhs — o(a,b) + w(a,c) + w(a,d) + w(b,c) + w(b,d) + w(c,d) + vivtodls,

Thus Cy(n) € W, + C3(n). We show W, C Cp(n). Let A= {a,b,c,d,e, f}. Then

Z (U{a,b,x,y}z+V{a,b,f,x}2+V{a,d,f,x}2+v{a,c,e,x}2
xyeO\A

+ V{b,c,e,x}z + V{d,c,e,x}z + V{b/d/f/x}z) + V{C,d,b’,f}z — w(g,b),

Therefore C3(n) C Ca(n),and Cp(n) = Wy + C3(n). Now dim(Cy(n)) = dim(W, + C3(n)) <

("3%) + () — (n — 1). Consider the independent vectors of C3(1) as in Theorem |2:7| and let

QO'=0\{a,n—1,n}. Thenforallae Q\ {n},

L wij+ ¥ vETio p ulemn —om)

ijan ijkan xy#an

Thus the w(a,n)’s are linearly dependent. Let a linear combination of the remaining vectors
be zero:

Zaa,bw(a/b) + ‘xc,d,eV{C'd’e’n_1}3 = O/
where a,b € {1,2,...,n — 1} and c,d,e € {1,2,...,n — 2}. For i,jk € Q\ {n—1,n}, the
coefficient of vi#/%1} is ;i + ;. + a; + ;1 = 0. Hence for i,j,k,1 € Q\ {n —1,n},
] , Jr oL J
Wik = 01+ Qg+ &k ()

The coefficient of each term is
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0ij+ Qi+ M1+ Qg+ Qa1+ 0+ Y (i Qg+ i) = 0.
I£ijln—1n

By 5), i1+ &ju—1+agu—1+(n—4)a;jx=aj, 1+, 1+ag,—1=0foricQ\{n—

1,n}. Thus all a; ,_1 = 0. The coefficient of plim=1n} jg

aijtain1+aj,1+ ) ik = 0. (6)
keO\{i,jn—1n}

Adding the coefficients of yligm=1n} {ikn=1n} and ylikn—1n} gives a;; +a;p +ajx+ (n—
Z)Wi,j,k =0. Since a;; + a;x + Xjg+ k=0, all a; = 0. From (6), the remaining «; ; are also
zero. Therefore,

dim(Cy(n)) = dim(W, + C3(n)) = (”f) + (’;) —(n—1)= (g) - (”gz).

3 Conclusions

The following table represents all of our results about binary codes from the uniform subset
graph G(n,4,1):

\‘{ 4k 4k +1 4k +2 4k +3
Coln) forevenk FJ =[(}),(D], [(Z)/(nzl)ISL (D () — Q) +1], [ [ G) — () +1],

forodd k [(§), (1) ~1,2] e =1 1.0 -6l (@@~ G);
am| [.040-9] | OG- |G =] |G 5hm 3]
Gln)| | OG-, | e -1,
C(m)| @A =9 |G 3 =3] | [0.(54m -] | [D.050m 3]
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