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Abstract. In this paper, we prove that for every connected graph G of order 1, the watching number
of its subdivision graph S(G) is exactly n. This result confirms a conjecture previously proposed by
Vatandoost et al. [7].
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1 Introduction

Throughout this paper, all graphs are finite, simple, and undirected. Let G be a graph.
An edge with endpoints u and v is denoted by u ~ v. For every vertex x belong to V(G), the
open neighborhood is defined as Ng(x) = {y € V(G) : x ~ y}, and the closed neighborhood is
Ng[x] = Ng(x) U {x}. Foraset T C V(G), the open neighborhood of T is Ng(T) = UyerNg(x)
and the closed neighborhood of T is Ng[T] = Ng(T) U T. For a subset H of V(G), the induced
subgraph on H is denoted by G[H]|. The graph G \ H is obtained by removing the vertices in
H and all edges incident to them.

A subset S C V(G) is called a dominating set if every vertex of G belongs to S or has a neighbor
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in S. For a graph G, the subdivision graph S(G) is obtained by inserting exactly one new vertex
into each edge of G.

The concept of a watching system was proposed in [1] as an extension of identifying codes. For
a graph G, a watcher is an ordered pair w = (v;, Z;), where v; € V(G) specifies the position
of the watcher and Z; C Ng|v;] represents the set of vertices monitored by it. We refer to Z;
as the watching zone of w. A collection W = {w1,wy, ...,wy } of watchers is called a watching
system of G if Ly (v) = {w; : v € Z;, 1 <i <k} for distinct vertices are different and non-empty.
The minimum cardinality of such a collection is called the watching number of G, denoted by
w(G). For further information, the reader can see [2,8,9].

Conjecture 1.1. If G is a connected graph of order n, then w(S(G)) = n.

At the end of this section, we highlight the main contributions of the paper. In a previous
work [7], we proposed Conjecture|1.1|concerning the watching number of subdivision graphs
S(G). In the present paper, we settle this conjecture by providing a complete proof. Moreover,
our argument shows that the result naturally extends to iterated subdivisions: for every
integer r > 1, the watching number of S"(G) (obtained by subdividing each edge of G exactly
r times) satisfies the same formula. Therefore, the conjecture is fully resolved for all iterated
subdivision graphs.

2 Proof of the Conjecture

In this section, we show that Conjecture is correct.
Theorem 2.1. [7] Let G be a connected graph of order n. Then w(S(G)) < n.
Theorem 2.2. If G is a connected graph of order n, then w(S(G)) = n.
Proof. Let V(G) = {v1,v2,- -+ ,vn} and V(S5(G)) = V(G) U B, where

B = {Uij 1<i< ] <mn, NS(G)(UZ']') = {’Ui,U]'}}.
By Theorem 2.1} w(S(G)) < n. On the contrary, assume that w(S(G)) <n—1. Let W be a
watching system of S(G) with |W| = w(S(G)). We define
Viy = {0 € V(S(C)) | (v, Z0) € W},

the set of vertices of S(G), where watchers are located. By the definition of watching system,
we have |Viy| < [W|.If Viy = V(G), thenn = |V (G)| = | V| < |W| <n —1, which is impossible.
So VW 75 V(G)

We claim that

i) VwNB#Q
ii) Viv N V(G) # @.

194



Vatandoost et al. / Journal of Discrete Mathematics and Its Applications 11 (2026)

Proof (i): Let Viw N B = @.
Since Viy # V(G), there exists vy € V(G) such that vy ¢ Viy. By the definition of watching
system, Viy is a dominating set of S(G). We know that S(G) is a bipartite graph with two
partitions V(G) and B. It is easy to see that v is not dominated by V}y, which is a contradiction.
Hence Viy N B # @.
Proof (ii): Let Viy NV (G) = @.
If Viy # B, then there exists by € B such that by ¢ Viy. Since Viy N V(G) = @, by is not
dominated by V}y, which is a contradiction. Thus Viy = B. Since |E(G)| = |B| and |Viy| <n —1,
|E(G)| <n—1. Thus G is a tree and |E(G)| =n — 1, because G is a connected graph. This
show that there is exactly one watcher on vertices of B. Suppose that v; € V(G) be a vertex
of degree 1 in G and v; € Ng(v;). From watching system W, we imply that there exists
watcher w;; = (vij, Zvi].) such that Zy,; = {vi,vij} or Zy, = {vi,vi]-,v]-}. However, we have
Lw(v;) = Lw(v;j) = {w;;}. It contradicts with this fact that W is a watching system of S(G).
Therefore Viy NV (G) # .
We define the set A as following

A ={|Vw N B| | Wis awatching system of S(G) such that |W| = w(G)}.
By Claim (i), min(.A) > 1. Suppose that Wy be a watching system of S(G) with [W| = w(S(G))
such that min(A) = |V, N B|. If |V, N B| = t, then
Vi, " V(G)|<(n—=1)—t and |V(G)\ Viw,| >t+1.
First, we show that for every v;; € Viy, N B there is exactly one watcher on vertex v;;. For the proof,

suppose that there are two watchers w; = (vj, Z; C Ng(¢)(v;j)) and w; = (v, Z; € Ng(g)(vij))
on vertex v;; € Vi, N B. We define

wi = (v;,{vi,vij}), wi=(v;{vjv5}) and Wi = (Wo\ {w;w;})U{wjwi}.
Then W; is a watching system of S(G) with w(S(G)) = |W; | such that |Viy, N B| = [Viy, N B| — 2.
Since |V, N B| € A, |V, N B| < |V, N B|. Which is not true.
Let By and B; be two subsets of Vi, N B, where
By = {Ui]‘ € VWO NB: |{vi,v]~} N VW0| = 0},

and
Bl = {Uij & VWO N B: |{'Ui,vj} N VWO| == 1}

V(G) \ Vw, Vw, N B

V(G) B
V(G) NV, B\ Vi,
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Suppose the induced subgraph on (Viy, N B) U (V(G) \ Vi,) be H.

Claim 1: By # @.

For the proof, suppose that By = @. By the definition of Wy, for every v € V(G) \ Vyy,, we have
deg, (v) > 1.Since |V(G) \ V| >t +1,

Y. deg,(v)>t+1.
DGV(G)\VWO
It is clear that H is a bipartite graph. So,
Y, deg,(u)=|E(H)|= )  degy(v). (%)
MEVWOQB UEV(G)\VWO
Since By = @, we have Y, deg, (u) = |B1| = YocV(G)\Viy, deg,, (v). Hence,
t > |Vw, NB| > |By| = ZdegH(u): Z deg, (v) >t +1.
u€B; veV(G)\ Vi,

Which is a contradiction. Therefore, By # @.
Claim 2: There exists at least a vertex v € Ny (By) with deg;(v) = 1. To prove the claim, let
deg, (v) > 2, forallv € N, (Bp). Then

Z degH(U) = Z degH(u) + Z degH (U)

veV(G)\ Vi, vEN, (By1) vEN (Bo)
=[Bi|+ ), deg,(v)>[Bi|+2((t+1)—Bi]).
ZJENH(B())
Also, we have ZuevwomB deg, (1) =2t — | B1|. By (x),
2(t+1) —|By| < Y. deg,(v)= ) deg,(u)=2t—|B.
UEV(G)\VWO MEVWOQB

It is impossible.
Now without loss of generality, we assume that v;; € By such that Ny (v;) = {v;;}. Since there
exists exactly one watcher on vertex vij € Bo,

Ly (01) = L (v37) = {wij}-
It contradicts with this fact that W is a watching system of S(G).

Therefore w(S(G)) = n.
]

Remark 2.3. We denote S°(G) by G. For r > 1, we write S"(G) for the subdivision graph S"~1(G).
Clearly,

[V(S"(G))|=n+ 2" —1)m and |E(S(G))|=2"m,
where |V (G)| =nand |E(G)| = m. Also, S"(G) is a connected graph if and only if G is a connected.
Furthermore, S™(G) is a bipartite graph for every r > 1.

Corollary 2.4. If G is a graph of order n, then w(S"(G)) =n + (2"~1 — 1)m.
Proof. By Remark [2.3and Theorem 2.2) the result follows.
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3 Conclusion

In [11], it was conjectured that the watching number of the subdivision graph of G is equal
to the order of G.
In this paper, we settle this conjecture affirmatively. More precisely, we have proved that if G
is a connected graph of order 1, then w(S(G)) = n.
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