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1 Introduction

Throughout this article, graphs are considered simple undirected. The order of a graph
G = (V(G),E(G)) is the cardinality of V(G) and its size is the cardinality of E(G). For a vertex
v € V(G), the degree of v, denoted by d(v), is the number of edges incident to v. For a vertex
v € V(G), we denote by [v] the set consisting of v together with all edges incident to it. Thus,
the degree of v satisfies d(v) = |[v]| — 1. For each element x € V(G) U E(G), the neighborhood
of x is the set of all vertices and edges of G that are adjacent or incident to x. A vertex of
degree 1 in a tree T is called a leaf. For an arbitrary vertex v in a rooted tree, let D(v) denotes
the set of descendants of v and the depth of v be the largest distance from v to a vertex in
D(v). The diameter of T, denoted by diam(T), is the greatest distance between two vertices
of T. What we mean by quasi-diagonal path in a tree is a path like P : uj, ..., u; such that both
u1 and uy are leaves and there is no path with length greater than k that includes sub-path
us,...,ux. We denote the path and the star of order n by P, and Kj ,,_1, respectively. A double
star DSy, 4 is a tree obtained from Kj , and Kj ; by connecting the center of Ky , with that of
K3 4. For functions f : V(G) = Z and g: V(G) U E(G) — Z, we define w(f) = Yycv () f (%)
and w(g) = Lyev(c)ue(c) 8(x) and call them the weight of f and g, respectively.

As a pioneer, Cockayne et al [12] in 2004, Motivated by works [17,24,25], defined Roman
domination number of G as a minimum weight among all Roman dominating functions on G
(functions from V(G) to {0,1,2} such that every vertex with zero image under f is adjacent to
at least one vertex with image 2 under f) and studied the graph theoretic properties of this
variant of the domination number of G. To read more about the Roman domination number,
see [7-10,14] and the references therein.

Considering both edges and vertices in the above definition, first Abdollahzadeh Ahangar
et al. [3] in 2015 and then Valinavaz [27] in 2022 defined mixed Roman domination and mixed
double Roman domination numbers of a graph, respectively. A mixed Roman dominating
function on G is a labeling of the vertices and edges by elements of {0,1,2} such that every
element labeled 0 is incident or adjacent or incident or adjacent to at least one element labeled
2. The minimum possible weight of such a labeling is the mixed Roman domination number
of G. A mixed double Roman dominating function on G is a labeling of the vertices and edges
by elements of {0,1,2,3} satisfying the condition that every element labeled 0 is incident
to an element labeled 3 or adjacent to at least two elements labeled 2, while every element
labeled 1 is adjacent or incident to at least one element with label at least 2. The minimum
possible weight of such a labeling is the mixed double Roman domination number of G. For more
information and details about the results stated on the Roman domination-like numbers that
mentioned above, the reader can see [1,12,5,/6,(11,16,20-23,26,28-30].

One of the remarkable routines in the obtained results regarding the Roman domination

type numbers is finding an upper bound for them in terms of other graph parameters of
the given graph. A famous parameter that has attracted the attention of researchers is p,

164



Koulivand et al. / Journal of Discrete Mathematics and Its Applications 11 (2026)

(see [4,13,18,]19]). According to Fink and Jacobson [15], a subset X of V(G) is 2-independent if
the subgraph induced by the vertices of X is isomorphic to rK; U sK;, where r and s are natural
numbers with 2r 4+ s = |X|. The 2-independence number B,(G) is the maximum cardinality
among all 2-independent sets of G. In this work, we show that the mixed double Roman
domination number is absolutely incomparable with the 2-independence number. Next, we
prove that for a large family of trees, the mixed double Roman domination number is less
than or equal to 2 times the 2-independence number and we will also state the necessary and
sufficient condition for the obtained boundary to be sharp.

2 Results

A one-edge connection of two graphs Gy and G, is a graph G with V(G) = V(Gy) U V(Gy)
and E(G) = E(G1) UE(Gy) U{e =uv}, where u € V(Gy) and v € V(G,) and is denoted by
G = Gy Oup Go. As a first result, with using of one-edge connection of graphs, we show that
there exists a wide variety family of graphs that for each member G of this family, 75 (G) is
greater than f,(G) as much as we respect.

Proposition 2.1. Let u be an arbitrary vertex of a graph G'. Then we have the following:

1. Bo(G) = Bo(G') + 2 and vip(G') + 3 < 7ir(G) < ir(G') + 5, where G = G’ Oyx, P3;
2. B2(G) = pa(G') + 3 and 7 (G') +4 < 13 (G) < 1ig(C) + 6, where G = G' @y, Py
3. B2(G) = B2(G') +4and vix(G') + 6 < vir(G) < vir(G') + 8, where G = G’ ©yy, Ps.

Proof. (1) Clearly, any B,(G’)-set can be extended to a 2-independent set of G by adding x; and
xp. Hence, B2(G) > B2(G') + 2. Conversely, if S is a B2(G)-set, then |S N {x1,x2,x3}| <2, and
SN V(G') is a 2-independent set of G; therefore B2(G) < B2(G’) + 2. Consequently, B>(G) =
B2(G") +2. Now, let f be a 7 (G’)-function. Then the function g: V(G) UE(G) — {0,1,2,3}
defined by g(x2) =3, g(x3u) =2, g(x1) = g(x3) = g(x1x2) = g(x2x3) = 0 and g(x) = f(x)
otherwise, is an MDRDF of G and 5o 7 (G) < g (G) + 5. Next, let f be a i (G)-function.
One can easily check that f(x1) = f(x3) = f(x2x3) = 0, one of the two values of f(x1x2) or f(x2)
is zero and the other is 3 and f(x3u) # 1. If f(x3u) =0, then f [y (uE(c) is an MDRDF of
G’ and s0 7 (G') < 7ir(G) — 3. Else, the function g : V(G") UE(G’) — {0,1,2,3} defined by
g(u) = f(x3u)and g(x) = f(x) otherwise, isan MDRDF of G’ and hence i (G") < v}z (G) — 3.
Therefore, 7 (G') +3 < ¥ (G) < v;x(G") +5.

(2) Similar to the method described in the proof of (1), the set obtained from the union of any
B2(G')-setand {x1,x2,x4} isa B2(G)-setand hence B> (G) = B2(G’) + 3. Now, let fbea v (G')-
function. Then the functiong: V(G) UE(G) — {0,1,2,3} defined by g(x2) = g(x3) =3, ¢(x1) =
9(xq) = g(x1x2) = g(x2x3) = g(x3x4) = g(x3u) = 0 and g(x) = f(x) otherwise, is an MDRDF
of G and so 7z (G) < 75r(G') + 6. Next, suppose f is a vz (G)-function. One can check that
either f(xsu) =0and f(x1) + f(x2) + f(x3) + f(xa) + f(x1x2) + f(x2x3) + f(x3%4) = 6; or
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f(xsu) >2and f(x1) 4 f(x2) + f(x3) + f(xa) + f(x1x2) + f (x2x3) + f (x3%x4) = 5. If f (x3u) =0,
then the function ¢: V(G') UE(G’) — {0,1,2,3} defined by g(u) = 2 and g(x) = f(x) other-
wise, is an MDRDF of G’ and hence 7 (G’) < 7 (G) — 4. If f(x3u) > 2, then the function
g:V(G)UE(G") — {0,1,2,3} defined by g(u) =3 and g(x) = f(x) otherwise, is an MDRDF
of G" and hence v}y (G’) < i (G) — 4. Therefore, viz(G') +4 < 75 (G) < i (G') +6.

(3) Clearly, the set consists of each B,(G’)-set and {x1,x2,x4,x5} is a B2(G)-set and so
B2(G) = B2(G’) + 4. Now, let f be a 7 (G’)-function. Then the function g: V(G) UE(G) —
{0,1,2,3} defined by g(x2) = g(x4) =3, g(xsu) =2, g(x1) = g(x3) = g(xs5) = g(x1x2) =
g(xox3) = g(x3x4) = g(x4x5) = 0 and g(x) = f(x) otherwise, is an MDRDF of G and so
Yir(G) < 7ig(G') 4 8. Next, let f be a v (G)-function. One can check that f(x3) =0 and
f(x1)+ f(x2) 4+ f(xg) + f(x5) + f(x1x2) + f(x2x3) 4+ f(x3%4) + f(x4x5) = 6. Also, f(x3u) # 1.
If f(x3u) =0, then f |5/ is an MDRDF of G’ and hence ;. (G') < 75z (G) — 6. If f(x3u) > 2,
then the function ¢: V(G') UE(G') — {0,1,2,3} defined by ¢(u) = f(x3u) and g(x) = f(x)
otherwise, is an MDRDF of G’ and hence 7 (G’) < 7}z (G) — 6. Therefore, i (G") +6 <
Tar(G) < Vir(G) +8. O

With the help of Proposition and using the pathes P5, Py and Ps5, many families of
graphs can be made such that the value of 7}, — B> for each of the graphs in these families
can be as large as we respect.

In the following example, we introduce a family of graphs that the opposite of the
above-mentioned statement is true about them.

Example 2.2. (i) Let p be a natural number. Then B3(Ky py3) = p + 3 and v (Ky,p43) = 3. Thus
B2(K1,p+3) — Vg (K1p13) = p-

(ii) Let v be a natural number and p1, ..., ps (s < r) be positive integers. Suppose v;’s be leaves of the star
graph Ky .. Consider Ky, and for eachi=1,...,s identify each v; with the center of Ky p,,. We denote this
generalized star graph by GS; p, . p. (see Fig. [I). The function f : V(GS; p,,..p.) UE(GSrpy,..p.) =
{0,1,2,3} defined by f(v;) = 3 for any v; and f(x) = 0 otherwise, is an MDRDF of GS; p, ..., and
hence vx(GSy p,,..p.) < 3r. On the other hand, Br(GS; p,,...p,) = p1+ -+ + ps + 1 — 5. Therefore,
given sufficiently large p;’s, we can see that By(GS; p, .. p.) — Vir(GSypy,...ps) becomes larger than
any number we respect.

Figure 1. The graph GS; ;... p,-

It was observed that for an arbitrary graph G, the mixed double Roman domination number
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7z (G) and the 2-independence number f,(G) are not comparable with each other, even if G
is a tree. But in the following, we express the upper bound for }; in a wide variety family of
trees in terms of ;. Suppose that 7 is a family consisting of paths P, for all n and trees T
with at least a quasi-diagonal path uy, ..., u; with d(uy) # 2 or d(us) # 2.

Proposition 2.3. For a natural number n > 2, we have

6k n =5k, 5k — 1

Yig(Pn) = {6k—|—2n5k+1 , B2(Px) :{
6k +3n=5k+2,5k+3

2k n=23k 3k—1
2k+1n=3k-+1

6n—3

Proof. According to Proposition 1 of [28]], viz(Pn) = | | if n%O,S and g (Py) =

6n—3
[

with indices multiple of 3, we have a maximal 2-independent set and the result follows. [

|+ 1ifn % 1,2,4. Also, if P, : v1,07,...,vy, then by selecting all vertices except those

According to Proposition 2.3} clearly v} (Py) < 2B2(P,) for each n > 2 and equality occurs
if and only if n = 4,6,9.

Theorem 2.4. Forany T € T, i (T) < 2B2(T).

Proof. Let T be a tree with m edges. We proceed by induction on m. Form =1, wehave T = P,,
and 7 (T) =3 <4 =2pB>(T). Now, suppose that m > 2 and the result is valid for all trees of
size less than or equal to m — 1 and T is a tree of size m. If diam(T) =2, then T = K ,,,. So
YVir(Kim) =3 < 2m = 2B (K ). Next, suppose diam(T) = 3. So, T = DS, ;. Without loss of
generality, suppose p > q. Thus

2(p+a) q22
Yar(DSpg) =6 < =2p2(DSpgq).
2(p+q+1) otherwise

Also, note 755 (DSp,q) = 2B2(DS,,4) if and only if p = g = 1 or equivalently DS, ; = P4. Now,
let diam(T) >4, T # P, (since the theorem is true for P,, by Proposition and P =uq---uy
be a quasi-diagonal path of T in which u; has the largest degree among all the quasi-diagonal
paths of length k =2,...,diam(T) + 1. Root T at uy. We consider the following cases.

Case 1. Let d(uy) =t > 3. Suppose T’ is the connected component of T resulting from
removing upu3 which contains us. Clearly, any B, (T’)-set can be extended to a 2-independent
set of T by adding t — 1 leaves of uy. Also, any -y (T’)-function can be extended to an MDRDF
of T by assigning 3 to u; and 0 to its neighbors. Thus by the induction hypothesis we have,

Yar(T) < Vir(T') +3 <2(Ba(T) — (t = 1)) +3=2B5(T) — 2t +5 <2B,(T).

Case 2. Let d(uy) =2. So one can assume that d(u3) > 3, since T € T. Suppose u3 has t
children v; = uy,vy,...,v; with depth 1 and degree 2 and ¢ children with depth 0.
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Subcase 2.1. Let £ = 0 and T’ be the connected component of T resulting from removing
uzuy which contains uy. First note that t > 2. Also, one can easily see that B,(T) > Bo(T') + 2t.
On the other hand, any 7z (T’)-function can be extended to an MDRDF of T by assigning 2 to
usuyg, 3 to v;’s and 0 to remaining elements of V(T) U E(T). Therefore:

Yar(T) < vig(T') + 3t +2.
It follows from the induction hypothesis that,
Yir(T) <2Bo(T) — 4t +3t +2=2B(T) — t +2 < 2B(T).

Further if 7 (T) = 2B2(T), thent =2 and so T = T’ ©y,y, Ps.

Subcase 2.2. Suppose ¢ > 1 and T’ be the connected component of T which was stated in
Subcase 2.1. Clearly, any B> (T’)-set can be extended to a 2-independent set of T by adding
vi’s and ¢ + t leaves of T that adjacent to u3 and v;’s. So B2(T) > B2(T') + £ + 2t. Also, each
vz (T")-function can be extended to an MDRDF of T by assigning 3 to u3 and v;’s; and 0 to
remaining elements. It follows from the induction hypothesis that,

Yir(T) < yip(T) +3t +3 <2B(T) — 20 — 4t + 3t +3=2,(T) +3 — (20 + 1) < 2B,(T).
Moreover, if v (T) =2B2(T), then{ =t =1and so T = T' Oy,u, P4. O

Let u be an arbitrary vertex of G. A function f: V(G) UE(G) — {0,1,2,3} is said to be an
almost mixed double Roman dominating function (AMDRDF) with respect to u, if each element
in V(G) UE(G)\{[u]} is mixed double Roman dominated under f. We define:

Yir(Gu) :==min{w(f) | f is an AMDRDF with respect to u}.

Clearly, any MDRDF is an AMDRDF with respect to # and hence the above set is non-empty.
Therefore, 75z (G;u) is well defined and v (G;u) < 7} (G). Also, if f is an AMDRDF with
respect to u, then ¢: V(G) UE(G) — {0,1,2,3} with g(u#) =3 and g¢(x) = f(x) otherwise is an
MDRDF and so ¥z (G) < 7z (G;u) 4 3. Hence we have:

Yir(G) =3 < 7ir(G;u) < vir(G).

In Figure 2} some examples for all possible states can be seen. In Proposition[2.1, we proved
that for an arbitrary tree T, ¥z (T @ux; Pa) < ¥j(T) + 6 and v (T Ouxs P5) < ¥ix(T) +6. In
the next two theorems, we show for which trees the aforementioned inequalities will be sharp.
To better understand the proofs, examples from Figure 2| are used as appropriate (see Figures

B3| to[10).

Proposition 2.5. Let u be an arbitrary vertex of a tree T' and T = T' ©yy, Ps. Then p(T) =

Yar(T') + 6 if and only if vip(T') = Yar(Tu) or vip(T") = vap(T;u) +1 or YiR(T")
YVir(T';u) 4 2 and for any v (T';u)-function f there exists some edge e in [u] with f(e) = 0.
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3 3 3 3

(To) . Yp(To) =6 e e Fe p(Tou) =6
(Ro) 3 3 . Yir(Ro) =6 3 3 --2 Yig(Ro;u) =6
(Ty) : ._3_3.4_. yip(T1) =6 ._i”g”,z yip(Tyu) =5
() e (T =8 e e - ey (Ta) =6
(R2) : et (R =8 3 e (R =6
(Ts) 3 Yir(Ts) =6 3o Yir(Tsim) =3

u u

Figure 2. The graphs T; and R; i=0,1,2,3and j =0,2.

3 3 3 3
u

Yir(To Ouxy Py) =12 Yig(Ro Ouy, Py) =12

o o o o

3 3 3 3

Figure 3. The graphs Ty ©yx, P4 and Ro Oy, Ps.

Proof. Let f be a 5 (T)-function. Clearly £ = f(x1) + f(x1x2) + f(x2) + f(x2x3) + f(x3) +
f(x3xg) + f(x4) + f(x3u) > 6. Also, fly(ryugery is an AMDRDE. Now, we consider the
following four cases:

Case 1. Let vjz(T") = v (T;u). So vjr(T") = vjr(T5u) < w(f|V(T’)UE(T’)) < 13r(T) — 6
and hence 7 (T) = vz (T’") + 6, by Proposition

Case 2. Let 75 (T") = vz (T";u) 4+ 1. We have two following subcases:

Subcase2.1. If £ > 7, then 7 (T') — 1 =7 (T’ u) < w(flv(ryuer)) < Vir(T) — 7. Therefore
Yir(T) = 95 (T') + 6 and consequently 7 (T) = 7} (T’) + 6, by Proposition[2.1]

Subcase 2.2. If / =6, then f(x3) =3 and f(x3u) = 0. Also, w(fly(ryurr)) = 1ir(Tu) =
Yir(T) = L M w(flvryuem)) = vir(T) — 1, then flyrugr) is a v (T";u)-function. But
we know that in the case 5z (T") = vz (T";u) + 1, all elements of [u] are not dominated in any
v;ir(T';u)-function and the number assigned to only one of the vertices adjacent to u in any
v;ir (T;u)-function should be equal to 2 (we call this vertex v) and the number assigned to the
other vertices adjacent to u and edges in [1] should be zero, which with changing 2 to zero and
assigning 3 to u, we obtain a 7, (T')-function. This implies that the edge uv is not dominated
in f, a contradiction. Therefore, w(f|y(rugcry) = Yir(T') and so ¥ (T) — 6 > v (T').
Hence, 7}z (T) = 7z (T') + 6, by Proposition

3 3
* u
’)/dR(Tl Ouxy Py) =12
—O
3 3

Figure 4. The graph T; ©yx, Ps.

Case 3. Let 7 (T") = vg (T;u) 4 2. In this case, for each v}, (T';u)-function, only one mem-

169



Koulivand et al. / Journal of Discrete Mathematics and Its Applications 11 (2026)

ber of [u] is not dominated and by assigning 2 to this element we obtain a 7, (T')-function.
Consider two following subcases:

Subcase 3.1. Suppose g is a vz (T’;u)-function and u is not dominated. We can extend g to
an MDRDF of T by assigning 3 to x, and x3 and 0 to the other elements of V(T) U E(T). Thus
Yir(T) < (Vi(T') = 2) + 6 = 7jR(T') + 4.

Subcase 3.2. Suppose for any v (T’;u)-function there exists some edge e in [u] that is not
dominated.

Subcase 3.2.1. If £ > 8, then v (T') — 2 = yjp (T";u) < w(fly(ryuer)) < 7jr(T) — 8. There-
fore v (T) > v (T") 4 6 and consequently %, (T) = vz (T’) + 6, by Proposition 2.1}
Subcase 3.2.2. If £ =7, then f(x3) =0 and f(x3u) = f(x4) = 2. Also, w(f|y(ryug(ry) =
’y;R(T,) —-2. If w(f’V(T/)UE(T’)) = ’)/;R(T/) — 2, then f’V(T/)UE(T’) is a ’y:;R(T’;u)—function.
Therefore, e is adjacent to an element with assigned number 2 in T and hence by assigning
1to e, a 7 (T')-function is obtained. As a result, ¥ (T") = 7j(T’;u) + 1 and this is a
contradiction. Thus w(f|y(ryueerr)) > Vir(T') —1and so yjr(T) — 7 > 7z (T’) — 1. Hence
Yir(T) > 7ir(T') + 6 and consequently ;. (T) = 7z (T') + 6, by Proposition[2.1}

Subcase 3.2.3. If £ =6, then f(x3) =3 and f(x3u) = 0. Also, w(f|y(ryuer)) = Tir(T') — 2.
With a similar argument in Subcase 3.2.2 one can check that w(f|y(ryue(r)) = Yjr(T')- So
Yir(T) > 5 (T') + 6 and consequently 7 (T) = 755 (T") + 6, by Proposition[2.1]

3 3 3 3

* ll *
'Y['ZR(TZ ®ux3 P4) =14 3 'YdR(RZ ®uX3 P4) =12

o ————eo—9o—

3 2 3 3

Figure 5. The graphs To ©;x, P4 and Ry Oy, Ps.

Case 4. Let 7 (T') = v (T;u) + 3 and g’ be a v (T';u)-function. So w(g’) = iz (T') — 3.
The function ¢ : V(T) UE(T) — {0,1,2,3} defined by g(x2) = g(x3u) =3, g(x4) =2, g(x1) =
g(x1x0) = g(x0x3) = g(x3) = g(x3x4) =0 and g(x) = ¢’ (x) otherwise, is an MDRDF of T with
w(g) = 7ir(T) +5. Hence v (T) < vjr(T") + 5.

3
"Y;R(TP’ ®ux3 P4) =12 3
3 2

Figure 6. The graph Tz ©yx, Ps.
According to the equalities and inequalities obtained in the above four cases, the result
follows. N

Proposition 2.6. Let u be an arbitrary vertex of a tree T' and T = T' ©yy, Ps. Then jx(T) =
YVir(T") + 8 if and only if vip (T';u) = i (T') and f([u]) = 0 for any i (T'; u)-function f.
Proof. We prove the proposition in the following four cases:

Case 1. Let v (T') = vjg(T’;u). First note that if ¢’ is a v (T')-function with g(e) =
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2(g(e) = 3) for some edge e € [u], then the function ¢ : V(T) U E(T) — {0,1,2,3} defined by
§(x2) = g(xs) =3, g(xzu) = 1(g(xsu) = 0), g(x1) = g(x1x2) = g(x2x3) = g(x3) = g(x3x4) =
g(x4x5) = g(x5) = 0and g(x) = g'(x) otherwise, is an MDRDF of T with w(g) = vz (T") +7
(w(g) = 75r(T") +6). Hence 7jp(T) < vir(T') +7. Next, we assume that g'([u]) =0
for any . (T')-function ¢’ and f is a )z (T)-function. Clearly it can be assumed that
Flx1) + Flxrxn) + f(x2) + f(xax) + Flxa) + fxaxs) + F(xa) + F(xax5) + f(x5) = 6. Also,
flveryue(r) is an AMDRDE. We have two following subcases:
Subcase 1.1 If f(x3u) > 2, then w(f|y(ryuer)) < Yir(T) —8and so vjp(T') = 7jr (T u) <
W(Flymoeir) < 7ig(T) — 8. Thus 73 (T") < 73 (T) — 8 and hence 7 (T) = 1(T') + 8,
by Proposition 2.1]
Subcase 1.2. If f(x3u) =0, then fy(1yug(r) is @ Y (T')-function. Therefore, f([u]) =0 and
consequently x3u is not dominated, a contradiction.

'}’;R(TO Ouxs P5) = 14 2 ’Y;R(RO Ouxs P5) =12

3 3 3 3

Figure 7. The graphs Ty ©,y, Ps and Ro Oy, Ps.

Case 2. Let 7 (T") = vjx (T";u) + 1. Based on the explanations given in the proof process of
Case 2 of Theorem 2.5} there exists a 75, (T")-function g’ with g’(u) = 3. So ¢’ can be extended
to an MDRDF of T by assigning 3 to x, and x4 and 0 to the other remaining members of
V(T)UE(T). Thus vz (T) < vip(T') +6.

Yir(T1 Oux, Ps) =12

3 3
Figure 8. The graph T} ©yy, Ps.

Case 3. Let 7 (T') = 7jr (T’;u) + 2 and g’ be a vz (T';u)-function. So w(g') = i (T') — 2.
The function ¢ : V(T) U E(T ) —{0,1,2,3} defined by g(x2) = g(x3u) = g(x4) =3, g(x1) =
g(x1x0) = g(x0x3) = g(x3) = g(x3x4) = g(x4x5) = g(x5) =0 and g(x) = ¢'(x) otherwise, is an
MDRDF of T with w(g) = (viz(T") —2) +9. Hence v (T) < vix(T") + 7.

3 3 2 3 3
u

’Y;R(RZ ®HX3 PS) =15 3
3 3 3 3

W;R(TZ ®lIX3 PS) =14

Figure 9. The graphs T> ©;y, Ps and Ry Oy, Ps.

Case 4. Let v (T') = vz (T";u) + 3. Similar to the argument mentioned in Case 3, one can see
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that there exists an MDRDF of T with weight (7} (T") —3) +9and so v (T) < 75z (T') + 6.

3
'Y;R(T?: @LtX3 P5) =12 3
3 3

Figure 10. The graph Tz ©yx, Ps.

According to the equalities and inequalities obtained in the above four cases, the result
follows. O

Now, let 7/ C T be the family of unlabeled trees T for which there exists a sequence of
trees Tq, Ty, ..., Ty such that Tj is one of the paths Py, P; or Py and T; can be obtained recursively
from T;_; by one of the following operations for 2 <i < k.

Operation t. T; is constructed by one-edge connecting T; 1 and P4 through vertices u € V(T;_1)
and x3 € V(Py), where u satisfies one of the following conditions:

(to) Yir(Ti—;u) = vir(Tiz1)-

( ) ( i—1,U ) 'Y;R(Ti—l)+1'

(+2) 'YdR(Tl Lu) = 'y;"lR(T 1) + 2 and for any 7. (T’;u)-function f there exists some edge
€ [u] with f(e) =

Operation }. T; is constructed by one-edge connecting T; 1 and Ps through vertices u € V(T;_1)
and x3 € V(P5), where v (Ti—1;u) = vz (Ti—1) and f([u]) = 0 for any 7 (T;—1;u)-function
f.

Theorem 2.7. Let T € T’ be an arbitrary tree. Then v (T) = 2B2(T).
Proof. The proof is clear by Propositions and 2.6/ and Theorem O

From the contents mentioned up to this point of the article, it can be seen that if T =
T’ Ouxy P3, then v (T) = v (T') + 5 if and only if . (T';u) = v} (T') and f([u]) = 0 for
any 5z (T';u)-function f. Therefore, in the rest of the cases, if 7} (T) < 2B>(T"), then
Vir(T) < Yip(T) +4=2(B2(T") +2) =2B»(T). Our guess is that in the mentioned case,
Yir(T") <2B2(T"). So we finish this paper by proposing the following conjecture and question.
Conjecture. Let T be an arbitrary tree. Then 7, (T) < 2B,(T).
Question. Which is the necessary and sufficient condition for the inequality of the previous
conjecture to be sharp?

3 Conclusion

In this paper, we investigated the relationship between the mixed double Roman domination
number 77 (G) and the 2-independence number ,(G) of a graph G. We first showed that
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these two parameters are generally incomparable by constructing families of graphs where the
difference -y — B2 can be arbitrarily large or arbitrarily small.

For trees, however, we established that the inequality 7 (T) < 2B2(T) holds for a broad
family 7 of trees, which includes all paths and all trees containing a quasi-diagonal path
uy, ..., ux with d(uy) # 2 or d(usz) # 2. The proof is based on a structural induction and a
careful analysis of the local configurations around the support vertices. We also characterized
the extremal trees in 7 for which equality holds, showing that they can be built from small
paths Py, Ps or Py by repeated one-edge connecting P4 or P5 under certain conditions involving
the almost mixed double Roman domination number.

Our results suggest that the inequality may hold for all trees, which we stated as a conjecture.
We also left open the question of a full characterization of trees attaining equality in the bound.
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